Section 1. The relevent classes.

In this section, we review the definition of the relevant classes (II1)* and (II7)%, and
prove the needed normal form for such sets so as to carry out the proof of the Main Theo-
rem. The basic definitions are discussed in more detail in §1 of [Du4] but the presentation
here is complete.

Definition 1.1. The difference kernel.  Let A be a sequence (Ay]a < 3) of subsets of
w*. We shall denote the the difference kernel of A by D(ff), so that:
z € D(A) & pofs ¢ Ay or a = 3) is odd.

The notion of difference kernel is discussed in [Hd]. Now we review the definition of

B —TI} (see Definition 1.3 of [Du4] for more detail).
Definition 1.2. g —1II}. For 3 € ON, 8 — II1 is the collection of difference kernels
D({E,|a < 3)) in which each E,, is II}. For 3 a recursive ordinal, A is (lightface) 3 — II3
iff A is the difference kernel of a II1 sequence A= (Ao]a < B). In this case, we say that
A [respectively, (Aq|a < ), where A = 0] witnesses that A is 8 —1I}. A is A(T) iff both
A and its complement are T'.

If A = (Agla < B) and v < B, we let A, =4 (Asla < 7) (whereas #+F>° =4
(#PHI=|6 < k)).

Proposition 1.3. [Du4] A is A(w? — IT!) iff there exists a sequence A = (Ay|a < w?)
which witnesses that A is w? — II} and with empty intersection, i.e. () . Ao = 0. In this
case, we say A witnesses that A is A(w? — II1). " .

We are interested in classes of sets near the “bottom” of A(w?—1II1). For the remainder
of this paper, we reserve the notation A to denote an w? sequence of sets of reals. Define
n(z) to be the least n € N such that pa(z ¢ Aa) exists and is < w-n. If A is as in
Proposition 1.3, the function n : w* — N is total. We shall consider classes of sets for
which n is “simple.”

Definition 1.4. (I')*. If n is a total function from the reals into N, let

-, —
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For B C (w¥) X w, let:

_ pn(B(z,n)) if InB(x,n)
ng(x) =4 {0 otherwise.

—,

B*(A) =4 np(A).
For T' C p((w¥) X w),
(I)* =4 {B*(A)|B €T and A witnesses that some set is w? — IT1}.

-, —

z€B*(A) &2 €D(Apngw)

< dn[B(z,n) AN Ym <n-B(z,m) AN Ja<w-n(aisodd Az € ﬂ A\ An)
B<a

—,

For z € B*(A), not only must pa(x ¢ A,) be odd (and exist), « must be less than w-npg(z)
(that is, 2 must also “fall out” of A by stage np(z)). When np(z) is constant and equals
m, B*(A) is w-m — II}. We are interested in a class slightly larger than (II})*.

Definition 1.5. (I')7. If B C (“w) X w, A witnesses some set is w? — I}, and D €

B — I, let B* ff,D —4 B*(A) U{z € D|Vn—-B T,n ;ifﬁwitnesses that D €
1 if

B<w?

U B-T1 (ie. D =D(D)), then B* (ff, 13) —y B* (E, D).
B<w?
For I' C p((“w) X w), let

Eec(l), © E=DB" (/Y,D) for some B €T,

A witnesses some set is w? — M},and D € U B — 1.
B<w?

In this case, we say that B, A and D [respectively 5] witness that B* (/T, D) [respectively
B* (A’, 13)] is (I)" . A
(I1})% lies “near the bottom” of A(w? —II}), even though this is not at first obvious.
Proposition 1.6. (Proposition 1.12 of [Du4]) (H%)* C (H%): C A (w?—113).
Both inclusions of Proposition 1.6 are in fact proper (see Theorem 1.17 and 3.10).

The proof of Proposition 1.6 gives us the normal form for (II})% sets which will be needed

to invoke quasi-Borel determinacy in the proof of the Main Theorem 2.9.
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Lemma 1.7. (Normal Form Lemma for (II})* )  Let A be (II1)% . Then (for some m < w)
there exists B € I1}, E = (Ey|a < w?), and D = (Dg|oe < w - m) which witness that A is
(I1})* and such that:

(i) (Uniformization) B is uniformized, i.e. for each x there exists at most one m such

that B(z,m).

(ii) InB(z,n) & Va <w-m(z € D,).
In this case, we shall say that B, E, and D strongly witness that A € (II3)%. We now
simultaneously prove Proposition 1.6 and the Normal Form Lemma 1.7.
Proof: Let B € 11}, A = (Ay]a < w?), and D € w - m — [T} witness that B* (ff, D) is
(H%)i By Theorem 4E.4 on page 235 of [Mo], let B uniformize B so that (i) holds and
e InB(x,n) < InB(zx,n).
Let
x € Eypyi & (Eln > kB(x,n) and [x € Ay.py or I < kB(a:,E)]).
Let (dy|a < w - m) witness that D € w-m — I1]. For a < w - m, let
Fo =4t Do =g {z|x € do, or InB(z,n)};
let # € Dy iff InB(x,n); and let Fl,.mia = Eo. Then (F,|la < w?) witnesses that
B* (/T, D)is A (w2 — H%), proving Proposition 1.6.

Also, B, E, and D = (Dyla < w - m) satisfy the Normal Form Lemma, i.e. strongly
witnesses that A is (I})% . s(Proposition 1.6 and Lemma 1.7)
Remark 1. E = (E,|a < w?) witnesses that B*(A) is A (w? —I1}).

Remark 2. Let B(m, n) < n>m A B(x,n—m). Then B, F, and D also strongly witness
that A € (I1})*%. Since A = (B, {(z,n)|n = m})*(F), (I1})* C (I3, X9)* C (11}, II})*. One
can show (a* 1)1 C (B1I1{)* C A (w? —1II}) for o < 8 < w{K.

We have already provided the needed material from this section for proving the Main
Theorem 2.9 (so some readers may wish to skip to the next section).

(IT})* is strictly smaller than (II7)% (see Theorem 1.17), even though it is conjectured

that they have the same determinacy strength. To show the former, we first investigate
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the dual class of (I13)*.

Definition 1.8. (I');. If B and A witness some set E is (IT})*, let Bt (A) =4t B*(A)

and

—, -,

Bi(A) =4 B*(A) U{z|Vn=B(x,n)}.
Let (I');; =ar (I')* and (')} be the collection of sets Bi(A) where B € I' and A witness
B*(ff) is (I)*. For A = 1,11, we define B € I" and A witness [respectively, strongly witness
that Bj‘\(ff) is (I')5 to have the obvious meaning; we require the B to be uniformized in
the definition of strongly witness. A
If Vn—B(z,n), then x is a win for player X in the game B} (A). If there exists a least
n such that B(z,n), then
x € B}‘(ff) S € B}kl(ff) & x falls out of A for player I by stage n, i.e. x € D(/Tw.n).
By the proof of the Normal Form Lemma 1.7, we have:
Lemma 1.9. (Normal Form Lemma for (II});.)  For A\ € I,II, every (IIj)} set is

witnessed to be such by some uniformized B € II} and A. .
Theorem 1.10. (I1})% and (I1})%; are dual classes of one another.

Proof: Let B and A = (A.|a < w?) witness Bf(/f) is (I1})%. By the Normal Form
Lemma, wlog we may assume Va3 at most one n such that B(x,n). Let:

C(z,n) < n>1and B(z,n—1).

T € Eyntkts < T € Apyptk, T € Eypn < I >nB(x, L),

x € Eyni1< I >nB(x,l), r€FE,piax=20

So C(x,n) = B(x,n —1) =V >n-B(x,{) = v € E,.(n—1)+1 = Ja <w-n(x € E,).

—,

x € Bj(A) & In[B(z,n) & pa(zr ¢ A,) is odd and < w - n] or Vn—B(x,n)
< In[B(xz,n) & pa(z € E,) is even and < w - (n+ 1)] or Yn—B(z,n)
&z ¢ Cf(E), since C(z,n) = Ja < w-n(z € Ey).
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Thus, (I1})% C dual class of (I1})%;. Similarly show (II})} C dual class of (IT)%. a(Theorem

1.10)

Corollary 1.11. Det(I1})% < Det(I1)%;. .

Recall that it is conjectured that Det(IT{)* implies Det(II})% . Of course one might try
to show the conjecture false by producing a (II})% set A = B*(ff, D) whose determinacy
may fail, assuming Det(I1})*. By Corollary 1.11, A cannot be (IIj)} for both A = I,11.

-,

Therefore, D ¢ {0, w*}, since otherwise B*(A, D) = B (A) for some A € {I,1I}.
Theorem 1.12. (I1})% N (I11)%, = (A})*.

Proof Clearly (AL)* C (IN):N(I1})%,. Solet A € (II})*N(I11)%,, let B and A witness that
A = B*(A)U{z|Vn-B(x,n)} € (I1})%, and let C and E witness that A = C*(E) e (II})*.
Let D(z,n) <4 B(x,n)V C(z,n). Let x € F, & x € E, or (3nB(x,n) and = € A,).
Then D*(F) = C*(E) = A.

Claim Vz3nD(z,n).

—,

Pick z. If 3nB(z,n), then InD(x,n). So assume Vn—B(xz,n). Then x € B*(A4) U
{z|Vn-B(z,n)} = A = D*(F). Hence InD(z,n). s(Claim)
By the Normal Form Lemma, 3D and G which witness D*(G) € (II})* such that
D*(G) = D*(F) and ($) D uniformizes D. Since VzInD(z,n), by ($) VzInD(z,n).
Hence ~D(z,n) < Im & nD(x,m), so D € Al and A = D*(G) € (A})*. u(Theorem 1.12)

Theorem 1.12 generalizes to give:
Theorem 1.13. If I C II}, (B,C € T' = BV C € I'), and Unif(T"), then A((T')*) =
(D)7 1 (D)7, = (A))". .
Corollary 1.14. If (T1})3 C (I1)* or (I1})* C (I1})%, then (I11)* = (I1})% = (Al)*. Hence,
if (I1})* = (I1})%, then (IT})} = (II})* = (II}); = (A})*.
Proof: The second statement follows from the first and from (II}); C (II7)%.
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Assume one of (I17)% and (II})%; contains the other. Then by Theorem 1.12, one of
these classes equals (A1)*, and by Theorem 1.10, the other equals the dual of (A])*. But

(A1)* = (A})% s self-dual. Thus, (I)* = (IT})j, = (Al)*. a(Corollary 1.14)

SH(#°°) (i.e. L[#>™] | “# is total”) is strictly weaker than Det(I13)* by Theorem
1(iii) but stronger than Det(A])* by Theorem 1(ii) and/or 2(ii). Therefore, Det(Al)*
is strictly weaker than Det(I1})* and (A})* is properly contained in (II})* so that by
Propositions 1.10 and 1.12, we have:

Theorem 1.17. (A})* = (A])% = A((II})*) is properly contained in each of (II})* and

its dual (II{)7, both of which are properly contained in (II3)%. .
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