In the proof of Theorem 2.0, we integrated the w.s. s3 € L[#1] for G3
and obtained a w.s. for a (2xI19)* game. That proof is analogous to the proof
of Theorem 1.0. In the proof of Theorem 1.0, we show how to obtain a w.s.
for a (TII9)* game by integrating a w.s. s} for G}. Analogous to the proofs
of Theorems 1.0 and 2.0, we could integrate a w.s. s3 € L[#3] for a game
G3 and obtain a w.s. for a (3 % I19)* game. Instead, we next show the more
general result: We show in Theorem 2.2 how to obtain winning strategies for
(y*I9)* games whenever L[#!] = “r#5 exists for every real 7.” As expected,
the proof of this result is similar to the proof of Theorem 2.0. One significant
difference in the two proofs is the auxiliary game G2 of Theorem 2.0 has at
most two sequences of Borel auxiliary moves—namely, (Ux|Vi < k 4; = 0) and
(T,,|Vi < n t; = 0)~whereas, the auxiliary game G of Theorem 2.2 can have
as many as v sequences of Borel auxiliary moves. However, the integration of
the w.s. sJ for G} with respect to each of these sequences is analogous to the
integration of s3 with respect to either sequence of Borel auxiliary moves in
G2,

The proof of Theorem 2.2 is part of an inductive proof. We show that
Theorems 2.2 and 2.3 and Corollaries 2.2.1 and 2.3.1 by induction on ~. For
the Base Step, use either Theorems 1.0 and 1.1 or Theorems 2.0 and 2.1 and
Corollaries 2.0.1 and 2.1.1. We assume the following during the proofs of

Theorems 2.2 and 2.3 and Corollaries 2.2.1 and 2.3.1:
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Induction Hypothesis. Suppose B,_1,B_2,By_3,..., By € 119, (A,]a <
w?), and m € w witness that A is ((y — 1) *II9)%. Also, suppose U is a finite
sequence of I-imposed subgames of G 4 and 4 is a sequence of legal positions
in G4 of odd length. Assume #%((j) exists and 57" € L(U)| 2 oqlis aws.
for the Gg_l((j;ﬁ) auxiliary game determined by B,_1, By_2, By_3, ..., B1,
(Agle < w?), and m. Then s]~' can be integrated so as to obtain a w.s.
5 € L(#%((j)) for A(U; @) such that the following hold:

1.
77" is a w.s.

i.) sis a w.s. of the player for whom s

ii.) If s is a w.s. for I, p is a position consistent with s, and the moves in p
of player II are consistent with , then p € U. Therefore, if s is a w.s. for I
and z is consistent with s, then x € A(u).

iii.) If p is a position of the game A(U) such that the moves in p of the
player for whom s is not a w.s. are consistent with «, then p is consistent
with .

Recall that #}Y is the partial sharp function whose domain is a set of reals
and which sends 7 to r#+. Now we characterize
L[#!] }:“r#i exists for every real r”
in terms of determinacy.
Theorem 2.2. If L[#!] —“r#2 exists for every real r,” then Det(y * I19)*.
Proof: Assume L[#!] “r#5 exists for every real r.” Let

B,,By_1,By_2,...,B; € I} and (A, | o < w?) strongly witness A € (v * I19)*.
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Wlog
B,CB, 1By, 2C---C Bj.
Also, for 1 < i <+, there exist R; in A such that
i.) Bi(z,n) < VEkR;(z(k),n),
and
ii.) if =R;(Z(k),n) and Vj < kR;(Z(j),n), then k is odd.
We show that G4 has a w.s. s. Condition (ii) helps to simplify the proof.
We describe an open game G which has a w.s. sJ € L[#%]. We integrate
sg to get the w.s. s € L[#’ly] for G 4. The moves of G are the integer moves
z(i) of G4 as well as two types of auxiliary moves: Borel auxiliary moves and
ordinal auxiliary moves.
(G} contains a sequence
(T (i, )k € w & Vj < i1 =)
of Borel auxiliary moves, which is related to the II{ set B; via R;. Player I
may only play T} € L[#i]. If I plays #; = O for all k € w, then the play of
G is

I T, x(0) T} z(2) T z(2n—2)
II (0,t3) =(1) (0,t1) =(3) (0,81 ) z(2n—1) )

We now describe the moves in G following <£/%;(1)’t11<;(1)> if t}:(l) =1. A
less formal description is provided in the next paragraph. If II plays f,lg(l) =1
and t1 = (ti|7 < k(1)), then the moves of G following <£llc(1)’tllc(1)> = (1,-)
form the play of the auxiliary game
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G (T 1, 2(2k(1)),

described in Definition 2.3, (with integer moves z(2k(1) + i) for ¢ € w). The
moves of G~ 1(Tk}(l), Z(2k(1))) are subject to similar conditions as those
of G7~'. However, each tJ (defined below) for 1 < j < 8 and each Z() must
belong to Tk}(l) and must be consistent with ¢*. Furthermore, ordinal auxiliary
moves must be properly ordered in both games, but these conditions (on the
ordinal auxiliary moves) are slightly different for G~ (Tg(l); ', z(2k(1))) and
G ', We review the play of G for this case i.e. for 1?11;(1) = 1.

Assume f}ﬂ(l) = 1. Then for j > k(1), no Borel auxiliary moves (T7; (fjl-, ti))
are played. Following the move <£II€(1)’tllc(1)> = (1,—) are the integer moves
x(2k(1) + 4) for i € w and a sequence ((T2;(t2,t2))|Vj < n t? = 0) of
Borel auxiliary moves which is related to By via Rs. Player I may only
play T2 € L(T} k(1) )[# _q1]- Also, if Vj < i f? = 0, then ordinal auxiliary moves

A3 and A}, are respectively played with the integer moves x(2k(1) + 27)

i
and z(2k(1) 4+ 27 4+ 1) so that the \}’s are properly ordered with respect to

1 1
(Agla < w- (k(1)+1)) using (wﬂ?ﬁ”(Tk(l)))]i < k(1)). If I plays 2 = 0 for all

J € w, then the play of G| is
I T, z(0) T} x(2) N
II (0,t5) =(1) (0,t1) =x(3)
k(l) L z(2k(1)-2) T,;(l)
Othy_y) =(@k(1)-1)  (1,-)
T2 z(2k(1)),\g T? z(2k(1)+2),A3
(0,83) x(2k(1)+1),A7 (0,t3) x(2k(1)+3),A}

If I plays ¢2 R = 1 and £2 = (t37 < k(2)), then the moves of G{ following
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<fi(2),ti(2)> = (1, —) form the play of the auxiliary game

GY_2(T13(1)7T/?(2); th, 12, 2(2k(1) + 2k(2)))

(with integer moves z(2k(1) + 2k(2) + i) for ¢ € w). Following the move
(#2,12) = (1,—) is a sequence ((T32;(t2,t3))|Vj < n fj? = 0) of Borel aux-
iliary moves which is related to Bs via R3. Player I may only play T° €
L(Tyyy Ty #y ol V) < % = 0, then ordinal auxiliary moves A3; and
A3;.1 are respectively played with the integer moves z(2k(1) + 2k(2) +2i) and

2(2k(1) + 2k(2) +2i + 1) so that the A?’s are properly ordered with respect to

L(#fly—l(T]i(l) >T]§(2)))

(Agloe < w - (k(2) +1)) using (w; i < k(2)). If I plays 3 = 0
for all j € w (and 7?11;(1) = t%@) = 1), then the play of G| is

1 T, z(0) Ty x(2)
1 (0,88) =(1) (0,¢1) x(3)
.T,i(l)il z(2k(1)—2) T,j(l)

(07t]1€(1),1> x(2k(1)_1) <17_>

T2 z(2k(1)),\g T? z(2k(1)+2),A5
(0,62) x(2k(1)+1),A1 (0,£2)  2(2k(1)+3),AL

. T5(2)71 x(2k(1)+2k(2)—2),>\ék(2)72 T,f(Q)

(O,ti(2)71> :v(2k:(1)+2k:(2)—1),)\;]6(2)71 (1,—)

T3 x(2k(1)+2k(2)),\2 T3 x(2k(1)+2k(2)+2),\2
(0,83)  @(2k(1)+2k(2)+1),22 (0,t3)  x(2k(1)+2k(2)+3),A2

If II plays 52(3) = 1, then we continue as above.
In general, for every play of G, either
(1) there exists d such that 0 < § < ~ and for all £k € w, Borel auxiliary
moves (£571#0T1) = (0,4971) are played, or
(2) for each § such that 1 < ¢ < «, a Borel auxiliary move (té(é),ti@) =
(1,—) is played.
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Now we give a general description of the play of GJ, in which we (even-
tually) refer to the cases (1) and (2) just described. We have described the
play of G for case (1) when ¢ € {0, 1,2}.

Suppose § < v and we have reached a legal position

= (T (0, t8) 5 (0); T (1)5 e e et e

..................... s Tny (L =03 155 (0, 68): 2(2k(1)), Ags 2(2k(1) + 1), Ag;

..................... S0 (0,10); 2(2k(6 — 1)), A L 2(2k(5 — 1) + 1), X0,
T5(0,43); 2(2k(6 — 1) +2), A5 1 2(2k(6 — 1) +3), A5 15 ... LTy (L —))
of GJ. Then the moves of G| following <fi(5), ti((;)) = (1, —) form the play of

the auxiliary game

Moq

G (T ;)13 < 8); (E17 < 6 & k < k(5)),
=1
(with integer moves z(2k(1) + - - - 4+ 2k(J) + ¢) for ¢ € w). Following the move
<£i(5),ti(5)> = (1, —) is a sequence
<(T6+1 <t6+1 t5+1>)wj <n £§+1 — 0>
of Borel auxiliary moves which is related to Bsy1 via Rs11. Let
Ty = (Tj|f =1 & i < j), ¥ = (£}t = 0), and £; = (ti]i < j & fi = 0),
(for any j). Then T = (T,‘Z(j)ll < j < §). Player I may only play T2+ €
L(f(;)[#%_(;]. Ifvj <1 f?-“ = 0, then ordinal auxiliary moves A3, and \J, .,

are respectively played with the integer moves x(2k(1) 4 - - - 4+ 2k(d) + 2i) and
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2 (2k(1)+---+2k(5)+2i+1) so that the \{’s are properly ordered with respect

1 1 2 9
0 (Agla < w- (k(6) + 1)) using (wiLJr(fé”_Hl(Tk(l) He@ Tk(‘”))\i < k(9)).

Case 1. If II plays 51 = 0 for all j € w, then the play of GY is
j 0

I T4 z(0) T} x(2)
I 0,t5) =(1) (0,¢]) x(3)

. Tli(l) 1 ©(2k(1)—-2) Tli(l)
<0 tk(l) 1> 213(2143(1)—1) <1a_>

T2 z(2k(1)),\g T? x(2k(1)+2),\3
(0,63) =(2k(1)+1),A7 (0,t3)  x(2k(1)+3),A3

TQis)-1 x(2k(1)---42k(5)—2), >\2k(5) ) T 5,
(0,80 5y_1) 2k()+-+2k(E)-1) A0 5, (L)
T+t x(2k(1)+---4+2k(5)),\] ot z(2k(1)+---4+2k(8)+2),A3
(0,571 2(2k(1)++2k(8)+1),A] (0,65T1)  2(2k(1)+-+2k(6)+3),A]

Case 2. Suppose we reach a position p whose last move is <£7(7)’tz(7)> =
(1,—). Then for 1 < § < ~, p contains a Borel auxiliary move <£k(6)’ti(6)> =
(1,—). p has the following form:

p = (T53(0,25); 2(0); 2(1); s Tqys (1, —)3 T3 (0, 18); 2(2k(1)), Ags 2(2k(1) + 1), Aj;
T75{0,43); 2(2k(1) +2), Az 2(2k(1) +3), Agi s Tgys (L, =05 oo
..................... ST (0,10); 2 (2k(6 — 1)), A0 L 2(2k(5 — 1) + 1), X071
T?:(0,83); 2(2k(6 — 1) + 2), XS Loa(2k(6 — 1) +3), )\6 Lo ;T,f(é); (1,-))
.................... T (0,0); 2(2k(y — 1), A0 2 (2k(y — 1) + 1), A7

T75(0,87);2(2k(y — 1) +2), A3 5 2(2k(y — 1) +3), A3 755 T (1, =)

page 136; 9a4.tex; December 26, 1990



f:f7:<TJ§\f§:1&1§5§7> andt_’:t}:(tﬂf?:O&lgégfy).
Then T = (T]f((s)]l <d<y)and f= (t3]1 <6 < v & k < k(5)). Each move

of Gy following <£Z('y)’tZ('y)> = (1,—) consists of an integer x(2k(1) + --- +

2k(0) + i) and an ordinal &;. The &;’s must be properly ordered with respect

to (Aalar < w- (k() + 1)) using (w717 )i < k(7). Whenever &5 = 1 for

1 <6 <, the play of GJ is

R s z(0) T} x(2)
II (0,85) =(1) (0,t}) =(3)

Ty x(2k(1)-2) Ty 1)

(O’ti(l)_1> $(2k(1)_1) <17_>
s z(2k(1)),\g T? x(2k(1)+2),23 N
(0,t3) x(2k(1)+1),A] (0,t3)  =(2k(1)+3),A}
(0,2 5_1) x(2kz(1)+-~+2k:(6)—1),>\g;(15)_1 (1,-)

T2t @ (2k(1)+---42k(8)),A5 T+t x(2k(1)+---+2k(5)+2),A5
(0,271 z(2k(1)+-+2k(8)+1),A (0,65F1)  z(2k(1)+-+2k(5)+3),A3

—1
T w(2k:(1)+~~-+2k;('y)—2),/\;kw)ff .,
<OatZ(,y)_1> x(zk(1)+"'+2k(7)_1)’>‘f2yk_(,y)_1 <1a_>

z(2k(1)+--42k(7)),60  (2k(1)+---+2k(7)+2),&2 .
r(2k(1)++2k(v)+1),61 x(2k(1)++2k(7)+3),63

Recall that conditions on \? and T? for 1 < § < v are described just before
Case 1.

Player I wins G| iff a (legal) position (of odd length) is reached at which
IT cannot make a (legal) move. G is an open game and therefore we define,
for each ordinal «, P, as the set of positions with ordinal o and let P =

Uacon Pa- If pis a legal position in G|, let £, denote the set of legal positions
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in G consistent with p. The set ¢ of legal positions for GJ is in L[#%].

Use (P,|a € ON) and Theorem 0.14 to define a wellordering < of ¢ and
the canonical w.s. s§ for G so that the following hold: sj is in L[#!], and if
p is a legal position in G, then sJ|¢, is a w.s. for (G{), and is definable in
any inner model of ZF in which <|¢, is definable. By induction, s] has the
following properties:

Lemma 2.2.1. Let p be a legal position in GJ. Recall #{(U) = U for any
U. Then s{|¢, is a w.s. for (G{), and has the following property:

iii.) If p includes the move (fi:(j),t‘;(jﬂ = (1,—) for 1 < j <, then

Ts = (Tl <5 <),

and s]]¢, is definable in L(T5)[#L_,) from (' F7-onT)); < k(6)).
In particular,

iv.) if p includes the move <£11<;(1)7t11<;(1)> = (1,—), then s]|¢, is definable in
LT ] from (w3175 )i < k()

By Lemma 2.2.1 and the Induction Hypothesis, we have the following:
Lemma 2.2.2. Let k; = k(1) € w and let B be the set witnessed to be
((y = 1) *I1))% by By, By_1,By_2,..., Ba, (Aq|a < w?), and k;. Suppose

p = (T3 (0,5); 2(0); 2(1); T (0, £1); 2(2); 2(3); .
i Thyo Os gy )5 22k = 2)3 (2K — 1) Ty (1, —))
is a legal position of G'}. Then £ = (tH0 < i < k(1)). If By(x,ky), then

x € B(Tkl(l),t z(2k1)) & x € A(T, k(l),t z(2ky)).
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Moreover, sj|f, can be integrated so as to obtain a w.s. s’ € L(##(Tklm)) for
A(Tk}(l);lﬂ, 7(2k1)) such that

v.) s’ is a w.s. of the player for whom s] is a w.s.

vi.) If s’ is a w.s. for I and x is a play consistent with s’, then = is a play
consistent with Tkl(l) so that = € B(t',Z(2k1)). If in addition By (z, k1), then
x € A, z(2k1)).

vii.) If p is a position of the game A(T,{}(l); t',Z(2k1)) such that the moves
in p of the player for whom s’ is not a w.s. are consistent with ¢* and z(2k;),
then p is consistent with #* and Z(2k;).

Claim: G4 hasaw.s. s € L[#%] and s is a w.s. of the player for whom s] is
a w.s.

To obtain the proof of this claim, make the following changes to the
proofs of Claims I and IT of Theorem 2.0: Replace each U; by T}, U/ by T},
a; by £}, u; by t}, s5 by s, G§ by G§, Ll#3] by L#1], and L(#{(U;)) by

7

L(#! _,(T}")). We now give the details of the proof of the Claim:
Claim I: Player I has a w.s. for G4 if he has one for GJ.
Let’s first consider the case in which () € P. Then s] € L[#]] is a w.s.
for I in GJ. We use s} to define a w.s. s for I in G4. Let
To = s3(()), (to,t5) = (1, =), and po = (T5; (1, —)).
By Lemma 2.2.2(v), obtain a w.s. sg € L( %_1(T01)) for A(T§) by inte-

grating the w.s. sj|lp, for (GJ)p,, and let s(p) = so(p) for any position

page 139; 9a4.tex; December 26, 1990



p = (x(0);z(1);...;x(i — 1)) such that Vj < iR1(Z(j),0). If R1(Z(i),0) holds
for all 4, then x € A(Ty) so that x € A by Lemma 2.2.2(vi).
Suppose we reach a position such that =R (Z(ig),0) and Vj < igR1(Z(j),0).

We have defined

s(x(1);x(3);..;2(25 — 1)) = x(25) for 25 < ip. (viii)
Since 4o is odd by (ii), let (£},t8) = (0,Z(ip)) and p) = (T3;(0,t})). Define
z(0) = s( ) to be s§(ph) and T} to be s (pf * (z(0);2(1))). Let

p1 = pp * (@(0); 2(1); T1; (1, -)).
By Lemma 2.2.2(v), obtain a w.s. s1 € L(#}_,(T})) for A(T};t5,%(2)) by
integrating the w.s. s{|¢,, for (G{)p,, and let s(p) = s1(p) for any position
p = (x(0);2(1);...;2(i—1)) such that Vj <iRy(Z(j),1). By Lemma 2.2.2(vii),
this definition of s is consistent with (viii). If R;(Z(i),1) holds at every
position, then z € A(T{;t},Z(2)) so that € A by Lemma 2.2.2. If we reach
a position such that =R;(Z(i1),1) and Vj < i1 R1(Z(j),1), then continue to
define s by integrating s} in the same manner as above.
In general, suppose we reach a position such that
- Ry (Z(ij),7) and Vi < i, Ry (Z(1),7)
forj=1,2,3,...,k—1. Thenlet z(0), z(2),z(4), ...,x(2k) and Ty, T}, Ty, ..., T}
be such that the position
pre = (T5; (0, Z(i0)); 2(0); 2(1); T4 (0, Z(i1)); 2(2); 2(3); ...
s T 1500, % (i —1)); 2(2k — 2); 2(2k — 1); Ty; (1, =)
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is consistent with s§. By Lemma 2.2.2(v), obtain a w.s. s, € L(#(T};)) for
A(TE t5,t, -t 1, T(2k))
by integrating the w.s. sg|l, for (G3)p,, and let
s(p) = s1(p)
for any position p = (x(0); x(1);...;x(i — 1)) such that Vj < iR1(Z(j), k).
Claim: The strategy s of player I is a w.s. for G 4.

Let x be a play of G 4 consistent with s. First consider the case in which
there is a least k such that Bj(x,k). Then for each j < k, there is a least i;
such that =Ry (Z(i;),7). By the definition of s, there exist Ty, T¢, T3, ..., T}
such that the position

pr = (T35 (0, %(ig)); 2(0); 2(1); TL; {0, Z(i1)); 2(2); 2(3); ...
T340, 8 1)); 22k — 2); 22k — 13T (1, -)
is consistent with s]. We obtained the w.s. sy for
A(Ty;2(i0), 2(i1), ooy Z(ig—1), 7(2K))
by integrating the w.s. s{|¢,, for (GJ),, and let s(p) = si(p) for any position
p = (x(0);z(1);...;2(i — 1)) such that Vj < iRy(Z(j),k). Since Bi(z,k),
ViR1(Z(j), k). Therefore, = is a play consistent with sj so that
z € A(T}Y; (i), (i1), .., T(ig—1), T(2K)).
Clearly, x is consistent with each Z(i;) and by Lemma 2.2.2(vi), Vj z(j) € T}.
Thus, z € A if 3kB1(x, k).
Now assume =B (z, k) for all k. Then for each k, there is a least i such
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that =Ry (Z (i), k). Moreover, for each k, we obtained the position
pr = (Ty5 {0, Z(io)); #(0); 2(1); T3 (0, 2(in)); 2(2); 2(3); ...
T (0,3 (i) 22k — 2)50(2k — 15 T3 (1,-))
consistent with sJ. Since each pj, is consistent with sJ, the play
y = (T5;(0,2(i0)); 2(0); 2(1); T1'5 (0, 2(41)); (2); 2(3); T35 (0, (i) ); 2(4); 2(5); ...
s TE{0,Z(in)); 2(2n); 2(2n + 1);...)
is consistent with sJ. Since y is a play of G in which player IT made only legal
moves, y is a win for II, contradicting s} being a w.s. for I. Thus, 3k B (z, k),
x € A, and s is a w.s. for player L.
Claim II: Player II has a w.s. for G4 if he has one for G.
Now let’s consider the case () ¢ P. We integrate II's w.s. s§ € L[#]]
for G} to get the w.s. s for I in G 4. Let
Ty = {positions t in GA|VT" € L[#] (0,t) # s (T")}.
Then Vt € TgVT" € L[#1] (0,t) # s¢(T"). (ix)
x.) If (T7;(0,t)) is a legal position of G, then for each ordinal «, P, N
£(17,(0,4)) is definable in L[#,ly]
Therefore, Ty € L[#1]. Also, by (ix), (1, —) = sJ(Ty). Let po = (Tg, (1, -)).
By Lemma 2.2.2(v), obtain a w.s. sy € L(#}_,(Ty)) for A(Tj) by inte-
grating the w.s. sJ|fp, for (G3),,, and let s(p) = so(p) for any position
p = (2(0);2(1);...;2(i — 1)) such that Vj <i Z(j) € Ty. If (i) € T4 holds at
every position, then x ¢ A(Ty) so that = ¢ A.
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Suppose we reach a position such that Z(ig) ¢ Ty and Vj < ig Z(j) € Ty
We have defined
s(z(0);2(2);...;2(24)) = x(2§ + 1) for 25 < ip. (xi)
Since Z(ig) & Ta, there exists Ty € L[#!] such that (0, Z(io)) = sy (T3).
Let (5, tg) = (0,2 (o)) and py = (T {0, £5); 2(0)). Define z(1) = s(x(0))
to be s{(p). Let
T} = {positions t in G4 (Z(2),t3)|VT’ € L[#ﬂ (0,t) # sg(T&;x(O);T’)}.
Then T} € L[#%] and (1,—) = sg(Tol;:c(O);Tll). Let
pr=po* ((1); 715 (1, —)).
By Lemma 2.2.2(v), obtain a w.s. s; for A(T};t},%(2)) by integrating the w.s.
solp, for (G§)p,, and let s(p) = s1(p) for any position p = (z(0); z(1);...; x(i—
1)) such that Vj < iR;(Z(j),1). By Lemma 2.2.2(vi), this definition of s is con-
sistent with (xi). If (i) € T} holds at every position, then = ¢ A(T};t}, 7(2))
so that x € A. If we reach a position such that Z(i;) € T{, then continue to
define s by integrating s} in the same manner as above.
In general, suppose we reach a position such that
I(i;) ¢ T} and Vi < iy (i) € T} for j =1,2,3,..,k — 1.
Then let 2(0), 2(2), z(4), ..., x(2k—2) and T¢, T+, T4, ..., T, be such that the
position
Ph_1 = (T3 (0, 2(i0)); 2(0); 2(1); T} (0, (1) ); #(2); (3); ...
T (0,2 (i) (2K — 2))
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is consistent with sJ. Let
T,} = {positions ¢ in G4 consistent with z(2k) and (Z(i;)|j < k)|
YT' € LI (0,8) # 53 (s * (2(2k — 1); T')) .

Then pr = pj,_; * (x(2k — 1); T}};(1,—)) is consistent with sj. By Lemma
2.2.2(v), obtain a w.s. sy for A(T;td,¢1,...,t._,,T(2k)) by integrating the
w.s. 500y, € L(#(Ty)) for (G§)p,, and let

s(p) = sk(p)
for any position p = (x(0); z(1);...;xz(i — 1)) such that Vj < i z(j) € T}
Claim: The strategy s of player Il is a w.s. for G 4.

Let x be a play of G4 consistent with s. First consider the case in which
there is a least k such that Vi z(i) € Ty. Then for each j < k, there is a least
ij such that Z(i;) ¢ T; . By the definition of (2j41) = s(x(0); 2(2); ...; #(27))
for 7 < k and by the definition of the Til’s, there exist Tol, Tll, Tzl, s Tk}_l such

that the position

pr = (I55(0,2(i0)); (0); 2(1); T (0, (1)) 2(2); 2(3); .
s T30, 8 (k1)) (2K — 2); 2(2k — 1); Tk (1, —))
is consistent with s]. We obtained the w.s. sy for
A(Ty;53(i0), #(i1), ..oy Z(i—1), T(2K))
by integrating the w.s. sj|€p, for (G]),, and let s(p) = s(p) for any position
p=(z(0);2(1);...;2(i—1)) such that Vj < i z(j) € T}. Since we are assuming
Vj z(j) € T}, x is a play consistent with s so that
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x & A(Ty; (o), T(i1), -0, T(in—1), T(2k)).
Therefore, x ¢ A.
Now assume for each k, there is a least i) such that z(iy) € Tp. By the
definition of x(25+1) = s(x(0); z(2);...; x(27)) for j < k and by the definition
of the T}'’s, there exist T}, T}, T4, ..., T}, such that the position
(To; (0, 2 (ig)); 2(0); 2 (1); T (0, (1) ); 2(2); 2(3); .. T (0, Z(ix)))
is consistent with sJ. Since each such position is consistent with sJ, =Ry (Z (i), k).
Therefore, Vk—B(x, k) so that x is a win for II.
Consequently, s is a w.s. in G4 of the player for whom s/ is a w.s. n
Now we generalize the auxiliary game G|:
Definition 2.2. Let B.,, B,_1,B,_2,..., By € I, and (A, | @ < w?) strongly
witness A € (y*II9)*. Then we refer to the auxiliary game GJ described in
the Proof of Theorem 2.2 as
the Gy auziliary game determined by B, By_1, By—_2,...,B1 € 1Y, and (A, | a < w?).
Suppose U = (U;|i < ) and @ = (u;|i < 7) respectively are a finite
sequence of I-imposed subgames of G4 and a sequence of legal positions of
G 4. Then the Gg((j; u) auxiliary game determined by
B,,B,_1,By_2,....,B1, and (A, | a < w?)
is the game in which player I wins iff a position is reached at which II cannot
make a (legal) move, which has exactly the same moves as G, and these

moves are subject to the following conditions:
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i.) The sequence {(T%; (12, t2))|Vj < n f?- = 0) of Borel auxiliary moves and
the I19 set Bs are related via Rp;.

ii.) Each (i) € (1,43 U; and each Z(i) must be consistent with every u;.

iii.) TP € L(U, Ts—1)[# 1)

iv.) The A’s are properly ordered with repect to (Aq|a < w - (k(6) + 1))
using (w- =0T < sy, (6> 1)

v.) If fz(v) = 1, the &;’s are properly ordered with respect to (A,|a <
w- (k(7) + 1)) using (wEFCli < k(7).

These conditions are analogous to the conditions for the moves of G.
The first is a condition which the moves of G| also must satisfy. The others
are derived by changing the conditions for the moves of G} so that we obtain
conditions which are consistent with U and @. We refer to Gg(ﬁ ;1) instead
of the Gg(ﬁ;ﬁ) auxiliary game determined by B, By_1, By_o2,..., B1, and
(Ay | @ < w?) whenever B, B,_1,B_2,...,B1 and (4, | a < w?) are clear
from the context. Analogous to Theorem 2.2, we have the following:
Corollary 2.2.1. Let By, B,_1,By_2,...,B1, (A, | @ < w?), A, U, and @
be as in Definition 2.2. Let p be a legal position of a game G* such that
the moves of G* following p constitute a play of Gg((j , ). Suppose U has
a wellordering which is definable in L(T), L(U J#] = “r#5 exists for every

real 7,” and s* is a w.s. for G* such that s*|(, € L(ﬁ)[#%] Then s*|¢, can

be integrated so as to obtain a w.s. s, € L((j)[#}y] for A(U; @) such that the
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following hold:

i.) s, is a w.s. of the player for whom s* is a w.s.,

ii.) If s, is a w.s. for I, p is a position consistent with s,, and the moves
in p of the player for whom s, is not a w.s. are consistent with «, then
PENic 5 Ui Therefore, if s, is a w.s. for I and z is a play consistent with
Sp, then z € A(4).

iii.) Let p be a position consistent with s, and with U. If the moves in p of
the player for whom s, is not a w.s. are consistent with , then p is consistent

with . n
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