Now we prove the generalization of all Theorems z.y (of this paper),
where y is odd and x # 0.
Theorem 2.5. If 0°tD#511 exists (i.e. L(Oﬁ#iﬂ)[#}y] has indiscernibles),
then Det(y « I, 8 X9)*%.

Proof: Assume L(0° #iﬂ)[#%] has an uncountable set of indiscernibles. Let
B,,By_1,By_2,...B1 €0}, C1,C5,C5,...,Cs € X9, (A, | a <w?), and m € w
strongly witness A € (y+II9, 8% X9)* . Wlog C; C Cy C C5 C ... € C. Then

for 1 <7< and 1< j <7, there exist R, and Rp; in A(f such that

i.) Bj(z,n) « VYkRp,(z(k),n);

ii.) Ci(x,n) < JkRc, (T(k),n);

iii.) if =Rp, (2(k),n) and VK’ < kRp, (Z(k’),n), then k is odd; and

iv.) if Re, (Z(k),n) and VK’ < k=R¢, (Z(k'),n), then k is odd.
We show that G4 has a w.s. s. Conditions (iii) and (iv) help to simplify the
proof.

We describe an open game G35, | which hasa w.s. 535, € L(O’B#}Hl )[#1].
We integrate sy5,; to get the w.s. s € LOPHD#541) for G a. G5, 1 18 similar
to the game Ggﬁ. The moves of Ggﬁ and Ggﬁ 41 are the same with one excep-
tion: In G’gﬁ 41> L and IT always play an ordinal auxiliary move A\ with every
integer move (i) which does not follow the play of some (fi(l), t/%;(1)> = (1,—);
whereas, in Ggﬁ, [ and II never play an ordinal auxliary move A} whenever
gg = 1.
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Whenever II plays fi( =1 for j <J and fg“ =0 for all j € w, the play

7)

of GgBH is

I Qﬁ Q,G—l QB_Q
I (gp,q8) (dp—1,98-1) (dp—2,98—2)
L@ Ty w0y T z(2),A)
(Gr,q1) 0,88y =(1),A9 (0,t})  =(3),A9
. Tli(l)fl x(Qk(l)_Q))\gk(l),Q Tl

k(1)
<07ti(1)71> m(2k;(1)—1),>\gk(1)71 (1,-)
T3 z(2k(1)),A5 T? 2(2k(1)+2),A; ..
(0,62) x(2k(1)+1),A7 (0,t3)  x(2k(1)+3),A4
(0,82 5y_1) x(2kz(1)+-~+2k:(6)—1),>\g;(15)_1 (1,-)

2t @ (2k(1)+---42k(8)),A5 Tt x(2k(1)+---+2k(5)+2),A5 o
(0,271 z(2k(1)+-+2k(6)+1),A (0,65FY)  2(2k(1)+--+2k(5)+3),A3

T+t x(2k(1)+---4+2k(8)+2i),3;
(0,601) (2K (1) 442k (8)+2i+1),A3,
If fi(a) =1 for 1 <§ <+, the play of G35, is
I Qp Qp-1 Qp—2 -
I (4p,a8) (4p—1,95—1) (ds—2,98—2)
Q1 Ty =(0),Ag T  x(2),A

(d1,q1) (0,t5) =(1),A? (0,t1)  x(3),A3

1 0
- Tey—r w(2E(1)=2),05,1) 2 Ty(1)

(0,t}€(1)_1> :c(2k;(1)—1),)\gk(1)_1 (1,-)

T2 x(2k(1)),\g T? x(2k(1)+2),\3 o
(0,63) =(2k(1)+1),A7 (0,t3)  x(2k(1)+3),A3

Tlf(é)—l x(2k:(1)--~+2k(6)—2),)\3&15)72 Tlf(é)
(0,82 5y_1) x(2k:(1)+---+2k(5)—1),>\g;(15)_1 (1,-)
Tt @R+ A2R@)AT T w2k 420
(0,271 2(2k(1)+-+2k(6)+1),A (0,65F1)  2(2k(1)+--+2k(5)+3),A3
Thiy—1  @@ED+42k(MN-2)A0 0, T,
0,) 1) @@R(D)++2k(N=1)A0 0 (1,-)

x(2k(1)+-+2k(7)),60  z(2k(1)+---+2k(7)+2),&2 .
x(2k(1)+--+2k(v)+1),&1 @ (2k(1)+---+2k(7)+3),&3 :
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Let @ = (Qyld4; = 1), = (a;]d; = 0), and whenever (] .1, ) = (1, )
for 1 <j5 <4,
Ty = (T} 1 <j<8)and ts = (|1 < j <6 & 0 <i < k(j)).
Let p be least such that either ¢, =0or p = G+ 1. If p < 3, let k(0) be least
such that
Re, (4, k(0)) and Vj < k(0)=Rc, (4, 5);
otherwise, let k(0) = m.
For 6 > 0, any )\f’s played are properly ordered with respect to
(Agla < w - (k(8) + 1)) using <wf+<fi—a+1<@2T,i<l>,T,z(Q),---lefwﬂ),i < k(5)).
Otherwise, the moves of Ggﬂ 41 must satisfy all of the conditions required of
the moves of G;/B: In particular, IT must play so that
v.) 1<i<j<Pandg =1=¢ =1
Furthermore, I must play @, € L(O(“_l)#}vﬂ)[#ﬂ whenever j < pu, and
if player II plays ¢; = 0 for each j > 4, then player I must play @; €
L(Oi#iﬂ)[#}y]. Each pair @; and (g;,q;) of Borel auxiliary moves is deter-

mined by the X set {m € w|InRc,(m,n)}. If fi; =1 for j < 4, then G

(4) 26+1

contains a sequence

(TR, (8 i)V <k 1 = 0)
of Borel auxiliary moves, which is related to the I} set Bs via Rj, and player
I may only play T¢ € L(Q, f(;_l)[#%ﬂ_é]. Any &;’s played must be properly

ordered with respect to
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L L#NGT oy Ty T )
(Al <w- (k(7) + 1)) using (w;yy "7 "2 < ().

Player I wins G35, iff a (legal) position (of odd length) is reached at
which II cannot make a (legal) move. G;ﬁ 41 1s an open game and therefore
we define, for each ordinal «, P, as the set of positions with ordinal v and let
P =J,con Pa- If pis alegal position in Ggﬂﬂ, let Z, denote the set of legal
positions in Ggﬁ 41 consistent with p. The set £ of legal positions for Ggﬁ 41 18
in L(O(/BJrl)#iH).

Using (P,|a € ON) and Lemma 0.14, define a wellordering < of £ and the
canonical w.s. sgﬁ 4 for Ggﬂ 41 so that Lemma 2.5.1 (below) and the following
hold: sgﬁﬂ is in L(0(5+1)#§+1), and if p is a legal position in G;BH, then
S93411€p 18 a w.s. for (G35, ), and is definable in any inner model of ZF in
which < |/, is definable. Analogous to Lemma 2.4.1, sgﬁ 1 has the following
properties:

Lemma 2.5.1. Let p be a legal position in G;ﬁﬂ. Recall #3(U) = U for
any U. Then s;5,,|¢, is a w.s. for (G5, ), and has the following properties:

vi.) If 1 < i < B, position p includes the moves (g;,q;) = (0,¢;) for
fi <i < B3, and n(fi) is least such that Rc, (qz,n(fi)), then sy, ¢, is definable
in L((1 — 1)#%,1(0))[#] from (wiLJflll#}y“(O))\i < n(@)). In particular, if p
includes the move (0, ¢g) and n is least such that Rc,(gs,n), then s35, [£, is

1
definable in L((5 — 1) '17—1—1(0))[#’1)/] from <w££f#v+1(0))‘

i <mn).
vii.) If § > 0 and p includes the moves (f‘,i(j),ti(jﬂ =(1,—) for 1 < j <4,
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then s3;, ,|¢, is definable in L(Q, ﬁ;)[#%_(s] from (wzﬁ(f”“”@’%))ﬁ < k(9)).

In particular, if p includes (§;,q;) = (1,—) for 1 < i < 3, then sgﬁﬂwp is
definable in L(Q) [#}] from <wL<#}v+1(@))|7j < m).
Analogous to the proofs of 2.4.2, by Lemma 2.5.1 and Lemma 2.3.2, we
have the following:
Lemma 2.5.2. Let ¢ = (Qg; (4, 45); @p-1; (ds-1,48-1); ---; Q15 (Q1, 1))
be a legal position of Ggﬁﬂ. Let 0 < 6 < v and ps be a legal position of
G55, 1 Which extends g and whose last move is <£z(5)’ t2(5)> =(1,—). If
A= A(Q T5; 7,15, T(2k + -+~ + 2ky)),

then the following hold:

viii.) The w.s. sgﬁ+1|€p5 can be integrated so as to obtain a w.s.

S e L#,, (.15

for A" and s’ is a w.s. of the player for whom s;ﬁﬂ is a w.s. In particular,
for 6 = 0, we have that the w.s. s;ﬁﬂwq can be integrated so as to obtain
aws. s € L( }y+1((j)) for A(Q;q) and s is a w.s. of the player for whom
89341 1S & W.S.

ix.) If sgﬁ+1 is a w.s. for I, p is a position consistent with s’, and the moves
in p of player II are consistent with ¢, ts, and Z(2k; 4 2kg + - - - + 2ks), then

p € Q; for i such that ¢; = 1 and

pETj

k() for 1 <5 <9.

Therefore, if sgﬁ 41 s aws. for I and z is a play consistent with s’, then
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x € A(G, ts, 2(2ky + - - - + 2ks)).

x.) Let p = (2(0);2(1);z(2);...;z(:)) be a position consistent with s’ and
with both Cj and Ts. If the moves in p of the player for whom s’ is not a w.s.
are consistent with ¢, t5, and Z(2k; + 2ks + - - + 2ks), then p is consistent
with @, 5, and Z(2k; + 2ka + - - - + 2ks).

By Induction Hypothesis, we have the following:

Lemma 2.5.3. If ¢ = (Qp;(0,¢p)) is a legal position of G;BH’ then A(gg)
has a w.s. s’ € L(6#,,(0)) such that the following hold:

(1) s’ is a w.s. of the player for whom s35,, is a w.s.,

(2) if p is a position of G 4 such that p is consistent with s’ and the moves
in p of player II are consistent with gg, then p is consistent with gg.

Claim I: Player I has a w.s. for G4 if he has one for G55 ;.

Let’s first consider the case in which () € P. Then sy, € L(Oﬁ#i+1 )#2]
is a w.s. for I in Ggﬁﬂ. We use sgﬁﬂ to define a w.s. s for I in G4. For
1 <i <3, let

Qi = 555.1(Qp; (1, =); Qp-15(1, =); s Qir15 (1, =), (G ai) = (1, —),
and po = (Qp; (1, —); Qp—1; (1, —); - Q1; (1, —)).
Then Q@ = (Q;|1 < i < (). By Lemma 2.5.1(vii), So3411lpo 18 @ W.s. for
(G3541)p, and is definable in L(@)[#%] from <wﬂ?ﬁi“@)) i < m). By Lemma
2.5.2(viii), obtain a w.s. sp € L(#}YH(@)) for A(Q) by integrating the w.s.

S95411€po fOr A(Q), and let s(p) = so(p) for any position p = (2(0); z(1); ...; 2(i—
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1)) such that Vi’ < iVn-Rc, (Z(i"),n) for 1 <j < .

Suppose we reach a position such that JidjanRc, (Z(i),n). Since C; C
Cpg, there is a least i such that InRc, (Z(i),n). By (iv), i is odd. Let Qg = s( )
(as above), (43, qp) =(0,Z(7)), and ¢ = (Qg; (43, ¢p))- By Lemma 2.5.3, player
Lhas a w.s. 51 € L(B#,,(0)) for A(gp). Let s(p) = s1(p) for any position p
which extends (z(0); z(1); z(2);...;z(i — 1)).

Claim: The strategy s of player I is a w.s. in G 4.

Suppose z is a play of G4 consistent with s. By the definition of s, there
exists aw.s. g € L(#}YH(Q))) for A(Q) and z(2i) = so(z(1); z(3); ...; 2(2i—1))
whenever Vi’ < 2iVn-R¢,(Z(i'),n) for 1 < j < 3. If ViVn-R¢, (Z(i),n) holds
(for 1 < j < B), then = € A(Q) so that z € A by Lemma 2.5.2(ix).

Otherwise, InRc,(Z(i),n) for some least i. By the definition of s, there
exists a w.s. 51 € L(B#.,,(0)) for A(Z(:)) such that

x(2k) = s1(x(1); 2(3);...;x(2k — 1)) whenever 2k > i.
Therefore, x € A(Z(i)) so that x € A. Thus, x is a win for I.
Claim II: Player II has a w.s. for GG4 if he has one for Ggﬁﬂ.

Now let’s consider the case () ¢ P. We integrate II's w.s. s55,, for
G351 to get the w.s. s € L(O(ﬁﬂ)#iﬂ) for IT in G 4. Let

Qp = {positions ¢ in GA|VQ' € L(B#,1(0))[#1] (0,q) # s35,1(Q")}
and Q; = Qp for 1 < i < 3. Clearly (1,—) = s55,,(Qp). Furthermore, for

1<i<p,

page 183; 9g.tex; December 26, 1990



Qi € L(0°#+0)[#L], and by (v), (1, =) = 5351 (Qp; Qp—15 Q25 .. Qy).
Let po = (Qp; (1, —); Qp—1;(1,—); Qp—2;(1,—);...;Q1;(1,—)). By Lemma
2.5.2(viii), integrate s3 5, |, S0 as to obtain a w.s. so € L(#}YH(@)) for the
game A(Q). Let s(p) = so(p) for any position p = (2(0); z(1); (2); ...; 2(i—1))
such that Vi’ <i z(') € Qp = N1<;<5 Q-

Suppose we reach a position Z(i) (of least length) such that z(i) € Q3.
Then i is odd and there exists Qj € L(OB#}YH)[#}Y] such that the position
p1 = (Q};(0,%(4))) is consistent with s;, ;. By Lemma 2.5.3, player II has a
w.s. 51 € L(B#!,,(0)) for A(z(i)). Let s(p) = s1(p) for any position p which
extends Z(1).

Claim: The strategy s of player Il is a w.s. for G 4.

Suppose z is a play of G4 consistent with s. By the definition of s, there
exists a w.s. 5o € L(#%H(Q’)) for A(Q) and z:(2i4+1) = so(z(0); (2); ...; 2(2i))
whenever Vi’ < 2i+1Z(i") € Qp = (,<;<5 Q- HViZ(i) € Qp, thenx ¢ A(Q)
so that = & A.

Otherwise, there exists (odd) ¢ such that z(2i) € Qg and Vj < i z2(j) €
Qp. By the definition of s, there exists a w.s. 51 € L(8#.,,(0)) for A(Z(7))
such that z(2k+1) = s1(x(0); x(2);...; z(2k)) whenever 2k +1 > i. Therefore,
since s1 is a w.s. for II, z & A(z(i)) so that z ¢ A. Consequently, s is a w.s.
in G 4 of the player for whom sgﬁﬂ is a w.s. u

Definition 2.5. Let B,,B,_1,B, 2,...,B1 € 11}, C1,C5,Cs,...,Cg € 39,
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(A | @ < w?), and m € w strongly witness A € (y*I1}, 8« £9)* . Then we
refer to the auxiliary game G’gﬁ 41 described in the Proof of Theorem 2.5 as
the G;BH auxiliary game determined by
By,By_1,By_9,...B1 €11, C1,Cs,Cs,...,C3 € 29, (A | @ <w?), and m € w.
Suppose U = (U;li < ) and @ = (u;|i < 7) respectively are a finite
sequence of I-imposed subgames of G4 and a sequence of legal positions of
G 4. Then the G;ﬁﬂ(ﬁ; u) auxiliary game determined by
B,,By_1,By_2,....,B1, C1,Cs,C3,....Cs, (Ay | @ <w?), and m € w
is the game in which player I wins iff a position is reached at which II cannot
make a (legal) move, which has exactly the same moves as G;ﬁ 41, and these
moves are subject to the following conditions:
i.) {¢|3kRc,(q,k)} determines the Borel auxiliary moves @; and (¢;, g;) for
1<i<p.
ii.) The sequence ((T; (t2,t2))|Vj < n f? = 0) of Borel auxiliary moves and
the T19 set Bs are related via Rp;.
iii.) If 1 <i < j <pand ¢; =1, then ¢; = 1.
iv.) Each Z(i) € ;.5 U;j and each Z(i) must be consistent with every u;.
v.) Let = (Qilg: = 1), ¢= (qi|g: = 0), and p is least such that =+ 1
or g, = 0. Then
Qi € (i (U)#] for i > and Qi € L((p— D)2 4y () 2] for i < .
vi.) T € L(U, Q; Ts 1) 5]
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vii.) If gg = 0, let k(0) be least such that Rc,(qy,k(0)); otherwise, let
k(0) = m. The \’s are properly ordered with repect to

(Aala < w - (k(8) + 1)) using (w20 < k)

viii.) If fZ(»y) = 1, the &;’s are properly ordered with respect to
(Aala < (k() + 1)) using (Wi FTED)i < k().

These conditions are analogous to the conditions for the moves of Ggﬂ ey
The first three are conditions which the moves of G;B 41 also must satisty.
The others are derived by changing the conditions for the moves of Ggﬁ 41
so that we obtain conditions which are consistent with U and @. We re-
fer to G;ﬁﬂ(ﬁ; @) instead of the G;BH((j; @) auxiliary game determined by
B,,By_1,By_2,....B1, C1,02,Cs,...,C3, (As | @ < w?), and m € w when-
ever By, B_1,B_2,...,B1, C1,C2,C3,....Cs, (As | @ < w?), and m € w are
clear from the context.

Analogous to Theorems 2.4 and 2.5, we have Corollaries 2.4.1 and 2.5.1
(below). The proof of these two corollaries is similar to the (inductive) proof
of Theorems 2.4 and 2.5. However, we instead use the following stronger
induction hypothesis:

Induction Hypothesis for Corollaries 2.4.1 and 2.5.1. Suppose
B, ,By_1,By_9,...,B1 €I}, C1,C5,Cs,....Cs_1 € X9, (Ay|a < w?), and m € w
witness that A is (v *IIJ, (3 — 1) « X9)%.. Also, suppose U is a finite sequence

of I-imposed subgames of G 4, 4 is a sequence of legal positions in G4 of odd
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length, U has a definable wellordering in L(U), and B#! +1((7 ) exists. Let

s53_1 be the G35, auxiliary game determined by

B,,By_1,By_2,....,B1, C1,05,C5,...,Cs_1, (Ay|a < w?), and m.
Then s;; | can be integrated so as to obtain a w.s. s € L(ﬁ#%H((j)) for
A(U; @) such that the following hold:

i.) sis a w.s. of the player for whom s;; , is a w.s.

ii.) If s is a w.s. for I, p is a position consistent with s, and the moves in p
of player II are consistent with «, then p € U. Therefore, if x is a w.s. for I
and x is a position consistent with s, then x € A(%).

iii.) If p is a (legal) position of the game A(U) such that the moves in p of
the player for whom s is not a w.s. are consistent with , then p is consistent
with .

Analogous to Theorem 2.5, we have the following:

Corollary 2.5.1. Let B,,By_1,By_2,...,B1, C1,C3,Cs,....,Cp, (Ay | a <
w?), m, A, (j, and u be as in Definition 2.5. Let p be a legal position of a game
G* such that the moves of G* following p constitute a play of G;BH(ﬁ; w).
Suppose U has a wellordering which is definable in L(U), (8+ 1)#,17((7 ) exists,
and s* is a w.s. for G* such that s*|{, € L(ﬁ##ﬂ(ﬁ))[##]. Then s*|¢, can
be integrated so as to obtain a w.s. s, € L((6+1) #H(ﬁ)) for A(U; @) such
that the following hold:

i.) s, is a w.s. of the player for whom s* is a w.s.
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ii.) If s* is a w.s. for I, p is a position consistent with s,, and the moves in
p of player II are consistent with u, then p € (), g Ui Therefore, if s* is a
w.s. for I and z is a play consistent with s,, then x € A(«).

iii.) Let p be a position consistent with s, and with U. If the moves in p of
the player for whom s, is not a w.s. are consistent with , then p is consistent
with . -

By the comment preceding Section 0.3, we have the following corollary
to Theorems 2.4 and 2.5:
Corollary 2.6. Let (I';|1 < i < k) be a sequence such that the following
holds: there exist i1 < iy < i3 < -+ < i, such that k =i, + 8, ['; = I for
i =11,42,13, ..., i, and otherwise I'; = 39.
L) If L(B# L, (0)[#] = “r#311 exists for every real r,” then every
(T1,T2,Ts,...,I')* game has a w.s. in L(#) ,1(0))[#}].

i.) If (6 +1)#2,1(0) exists, then every (I'y,T'2,I's, ..., T'x)% game has a w.s.

in L((5 + D#L.,(0). .

In [Du4], we prove the converse of Theorem 2.5 and Corollary 2.5.1.
Therefore, the converse of all Theorems x.y (of this paper), in which x # 0
and y is odd, are true. In subsequent papers, we generalize the results of this
paper as well as [Du 1,2,3,4]. In this paper, we characterized the determinacy
of (I'1,I'2,I's, ..., I'y)* games as well as the determinacy of (I'y,I'2,I's, ..., I',) %

games for {I;|i <n} C {119, X9}. We characterized the determinacy of these

page 188; 9g.tex; December 26, 1990



games in terms of least inner models of “ZFC + F(r) exists for every real
r,” where F' is some extended sharp function on the reals. In subsequent
papers (e.g. [Du 5]), we characterize the determinacy of (I'y,I'2,I's, ..., T'x)*
games as well as the determinacy of (I'1,I'2,T's,...,I'y)% games for {I';|i <
k} C {19, %% n € N}. These characterizations are natural generalizations of
the results in this paper. If {T;]i < k} C {I12,2%n < m} and A is either
(1,2, s, ..., T'k)* or (I'1,'2,I'3, ..., %)%, we relate the determinacy of the
game G 4 to the existence of some least inner model of “F(r) exists for every
object r of type m,” where F' is some extended sharp function on objects of
type m.
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