Section 3

In this section, we show the following:
Corollary 3.1.1. Let r be a real and v < w{ (7).
(i) If L(r) [##] = “V4 < #5,, is total”, then Det (v * H(l))* (r).
(ii) If #1,, (r) exists (i.e. if indiscernibles for L (r) [#}Y} exist), then Det(y * H(l))j_ (7).

Our proof also provides determinacy results for other models L(r)[S} (#)] which are closed under S (#)
and for the existence of indiscernibles for such models.
Theorem 3.1. Fix r a real and # = SZ((:))SZ((::;)) *g((ll))‘s"géo)((b), where each (i) < w{&(r) and
WK () > k(1) > k(2) > -+ > k(n). Let I' = I'(#) (see Definition 1.20 for the definition of T',(#)).
For v < wCK(r), let #, = 8] (#) and #,41 = 87 (#,). Fix v < wCx(r).

(i) Let v > 1 in the case n = 0 (ie. in the case # = #7@=) If L(r) [#7} E VB < v #p41 18
total”, then every (T, *I19)" (r) game has a w.s. in L (r) [#7} Hence, if 7 is a successor ordinal and
L(r) {#v} [= “#, is total”, then every (I, * H(l))* (r) game has a w.s. in L (r) [#7}

(ii) If #441 (1) exists (i.e. indiscernibles for L (r) {#)7] exist), then every (I, x H(l))j_ (r) game has a w.s.
in L (41 ().

Corollary 3.1.1 follows from Theorem 3.1 by taking # = (0. Also of special interest are the cases where

# = #F (see Corollary 3.1.2) and # = #"“OO (see Corollary 3.1.3). These two cases are the analogues of

Corollary 3.1.1 for the models L (r) [#51} and L (r) {#,’j“l]

Corollary 3.1.2. Let r be a real and k,v < w{%(r).

(i) If L (r) [#’;1} E Yy <y #,’;’il is total”, then Det (Hg, v * H‘l))* (r).

(i) If #sil (r) exists (i.e. indiscernibles for L (r) [#51] exist), then Det(IIJ),~ * H(f)i (r).
Corollary 3.1.3. Let r be a real and k,y < w{E(r).

(i) If v # 0 and L (r) {#5‘”1} E VY <y #:(fl’l is total”, then Det(k  IT{, v * H(l))* (r).

(i) If #53’:’1"1 (r) exists, then Det(k % II{, v * Htl))i (r).

It should be clear that analogous to Theorem 3.1, we could also state in Corollaries 3.1.1, 3.1.2, and
3.1.3 the models which contain the winning strategies, and include the usual “reduction” to the hypothesis
of part (i) of each corollary for the case in which v is a successor.

Theorem 3.1 and Corollaries 3.1.1, 3.1.2, 3.1.3 hold even when 7 is of a higher type than a real, and

boldface analogues of these results also hold. Our interest here is to prove these results for the case in which
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r = (). The proof in this section shows Corollary 3.1.1 by induction on . However, the more general of the
above listed results follow by instead showing an appropriate boldface analogue—see Remark 1.22—(which is
similarly established by induction). We instead prove the above results assuming an appropriate boldface
analogue of the case of (i) of these results in which v = 0. This analogue, named (HYP), is given below.
Other than assuming (HYP), the proof has the appearance of being an induction on +, with the “induction
hypothesis” including the relativization to reals. This needed relativization is the reason we stated relativized
versions of our results.

For the remainder of this section, let us fix r, #, and I' as in the hypothesis of Theorem 3.1. (Shortly
we shall similarly fix «v.) We need to assume some analogue, called (HYP) below, of (i) for v = 0 but on
game trees with which include noninteger moves. We may either resort to stating (HYP) for boldface (T')**
with appropriate codes or resort to defining lightface (I')* for more general game trees. A natural choice is
the following:

(HYP)' If z is a real and L(z)[#] |= “every # in # is total,” then every boldface ()% game with code in L(z)[#

has a w.s. in L(z)[#].

(HYP)’ causes problems because of nonabsoluteness of winning strategies, specifically because of the possible
lack of winning strategies for the game G,, of Definition 3.3 (see the last sentence of Remark 3.4). Instead
we state (HYP) in terms of the model L(r)[#v] which will contain the winning strategies for the auxiliary
games of the section.

(HYP) If G is a boldface (I')** game with a code (r, T, ', 52) such that S*, S? € L(r) and T € L(r)[#,], then

G has a w.s. in L(r)[#v].

The more natural but stronger version of (HYP) obtained by allowing S* and S? to range over L(r)[#:y] also

holds.

Now we fix v € [1,w{E(r)). Our “induction hypothesis” for proving (i) and (ii) of Theorem 3.1 is the
following analogue of (ii):
(IH) If 2 is a real, B < v, and #g41 (2) exists, then every (T, 3 « H?): (2) game has a w.s. in L (#a41 (2)).

We emphasize that (HYP) and (IH) are being used under the condition that L(r)[#,y] = “each # in #
is total.” The proof of Corollary 3.1.1 does not use (HYP), and in this case I' = {) and (HYP) says something
obvious.

We have tried to set up the notation so that this section may be read as a proof to any of Corollaries
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3.1.1, 3.1.2, and 3.1.3. For Corollary 3.1.1, set # = () so that I = I‘(#) = (. For Corollary 3.1.2, set # = #F
so that T' = I'(#) = I19. For Corollary 3.1.3, set # = #*°° so that (I') = (I'(#)) = (k *I1}). Corollary 3.1.1
is shown for v = 1 in [Du92a]. Corollary 3.1.2 is shown for v = 0 in [Du95]. (ii) of Corollary 3.1.3 for v =0
is shown in [Du7], but (i) without the restriction that v # 0 is false.!® These may serve as the base step for
proving the Corollaries.

Fix C € I'(r), B = (Byla <), 4, and D € (w-m —1I7) (r), for some m < w, which witness
(C’, E) ’ (/T, D) € (T, * H(l))j_ (r) and such that:
(iii) If Bs(x,n), then

z € (C,B)*(A,D) < x e (C,B)*(A) & x € (C,Bs)*(A, dk(Au,.n)).

If BY(z,n), then the conclusion of (iii) follows directly without the Normal Form Theorem. The proofs of
this section can be simplified for the case in which « is finite, and (iii) is not used in the simplified proof
(See Remark 3.7).

For i < 7, let R* € AY (r) be such that:
(iv) B;(x,n) & V=R (z(£),n)
(v) If R*(Z (¢),n) and Vj < {~R' (z (j),n), then £ is odd.
Let n+—— ((n),,(n),) be a recursive bijection from w onto v x w. Let
(vi) By () & R (g, (n),).

Let D = (Dglor < w - m) witness that D is w - m — II* and (by the Normal Form Theorem) satisfy
(vii) each D, 2 {z|3nC(x,n)}.

We prove Theorem 3.1 by showing (under the appropriate hypotheses) that the games (C, §>* (E)
and (C, E)* (/Y, D) have winning strategies (in the corresponding models). In Definition 3.3, we define
open auxiliary games G7 and G7, respectively corresponding to the games <§)* (/T) and <§>* (/T, D).lg
We complete the proof to Theorem 3.1 by showing in Lemmas 3.8-3.11 that for A = I, 1, if player A has
a w.s. for G7 [respectively G7], then he has one in L (r) {#ﬂ,} [respectively L (#41 (r))] for the game
(C’, B) ’ (ff) [respectively (C’, E)* (ff, D)] It will be convenient to first define A(R;T’;p), which is similar
to A(S;T;(1,—)) = A(S;T) (see Definition 1.26).

Definition 3.2. Suppose the pair T and (1, —) of Borel auxiliary moves are determined by R C w. Let

A be a set of reals and let p be a position in the game A. We define the game A(R;T;p) as follows: If

18 See the sentence preceding Proposition 2.5.
19 Actually G7 [respectively G7] depends on C, (R,|n < w), A [respectively, and D].
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Viz(i) € T\ R and z extends p, then
x € AR;T;p) & x € A.
If for some least ¢ we have
R(Z(i)) or Z(i) € T or Z(i) is incompatible with p,
then
(viii) x € A(R;T;p) < either i is even or (i is odd A Z(i) € T A Z(i) and p are compatible). A
In the game A(R; T; p), the moves are to be consistent with the position p, player I “needs” each position
to be in T, and player II “needs” no postion to be in R. If R(Z(i)) or Z(i) ¢ T, then 4 is odd (i.e. the last
move of Z(4) is player I's); so if z € A(R;T;p) because the ¢ in (viii) is even, then IT lost by playing a move
incompatible with p. If instead « € A(R;T;p) and the ¢ in (viii) is odd, then II lost because player I played

a move resulting in a position in 77N R and compatible with p.

Definition 3.3. Recall r, C, B, (Rpln < w) , A, and D, all fixed earlier this section. Let

A= (€. By, (A (Au,))-

We simultaneously define the open auxiliary games G7 and G7, since they are very similar.
We rely on suggestive notation in our description below of G7 and G7, first listing typical plays of
G" and G and then describing the moves of these games. Assuming the players meet all the necessary

conditions (specified below), typical plays of G7 and G7|. are of the following form:

I T z(0) T z(2) Tn z(2n)
(D) G 1 oty 2() (01) w3 T (0t e(@nt1)
(2) G"}/ I Ty x(o))\o T $(2),A2 . Ty $(27l),k2n ..
+ II (0,t0) z(1),\1 (0,t1) z(3),A3 (0,ty) z(2n+1),A2n41 .
I T z(0) T z(2) Ty_ z(2n—2) Th
(3) & I O(O,tg> z(1) 1<o,t1> z(3) <(1),t,1_1> z(2n—1)  (1,=) °
(4) Gv 1 To x(0),Xo Ty ©(2),A2 .. Tha z(2n—2),A 252 Tn
+ 11 (0,t0) z(1),\1 (0,t1) z(3),\3 (0,tn—1) z(2n—1),A2p—1 (1,—)"

In G7 and Gl, whenever Vi < n t; = 0, Borel auxiliary moves T, <fn,tn> are played during the

(2n 4 1)* inning and integer moves z (2n) and z (2n + 1) are played during the (2n + 2)™¢

inning. In G
(but not in G7), an ordinal auxiliary move )\; is played with the integer move z (i). Once £, = 1 is played,
there is no need to play any more moves - see (3) and (4) above.

(*) In both G” and G, player I may only play T, € L (r) {#7] and each pair of Borel auxiliary moves T,

and (t,,t,) are determined by the £9 (r) set R,,.
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(#%) In G7, the ordinal auxiliary moves \;’s must be properly ordered with respect to D using (Wit1]t < m).
The first player to violate either (x) or (xx) loses. Note that we have implicitly defined the game trees T
and T for G7 and G7|. Let

imax(2n) = max{2n, length(t;)|i < n}.

If neither player violates () [and (xx)], then:
I wins G7 [respectively, G1 ] iff
In (t, = 1 and player I has a w.s. for the game G,, =45 Ay, (Ry; Tn; T (imax(2n)))) 2°
or
(Vn t,=0and z € (C’)*(/T)) :
Let A" [respectively A7] be the payoff set for G7 [respectively G7]. A
If ¢ is a position of G7 or G, let
imax(q) = max{i + 1,length(t;)|x(i); (i), \i; or (£;,t;) is a move of ¢}.
When #; = 1, length(t;) = 0. If q is a position whose last move includes 2(2n— 1), then iyax(q) =df Imax(2n).
Remark 3.4. Assume L (r) [#7} = VB <y #p41 is total”. If we reach a legal position p in either G7 or
G’ whose last move is <fn,tn> = (1,—) and if x is a legal play of G,, = A, (Rpn; Tn; T (imax(2n))), then:
zisawin for Iiff z € A,,.

Since A, € (T, (n)o *H?): (r,T,) and (n)o < v, by induction hypothesis the game G, has a w.s. s, €
L (#n)o (1 Ta)) € L(r) {#7} Also by (x) of Definition 3.3, each T,, € L(r) [#7}, and T7,T] € L(r) {#7}
Consequently, for s7,s] € L(r)[#v]:

L(r)[#v] E “s7 is a w.s. for the game G7” < s7 is a w.s. for the game G7.

L(r)#,] E “s] is a w.s. for the game G.” < s] is a w.s. for the game G7.
(Note that this may be false for models which do not contain winning strategies for the games G,,.)

The games G7 and G are boldface (I')** (open in the case C' = 0)) respectively with codes (r, 77, Sy, S2)
and (r,T7,51,52) such that Si,S2 € L(r). Therefore, by (HYP), G7 and G respectively have winning
strategies s7 and s in L (r) [#7} (In fact G7 and G7| respectively have strategies in L(T7,#:(r)) and
L(T,#1(r)) which these models believe are winning strategies for their respective games, but these may
not be winning strategies in the real world since L(T7,#1(r)) and L(T7,#:(r)) may fail to contain winning

strategies for the games G,,.)

20 Recall A, is defined at the beginning of Definition 3.3.
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Remark 3.5. Consider the case of Corollary 3.1.1 in which #' = (). C = 0 so that the second disjunct of the
winning conditions for G and G cannot hold, and player I wins G” only if In t, = 1, whereas player I may
win G7 for a play in which no t; = 1 is played, if for instance II cannot play some ordinal auxiliary move
Aon. When # = 0, G7 and G are open games, and so the Gale-Stewart Theorem in L(r)[#w} provides us
with winning strategies s” and sJ .
Lemma 3.6. Recall C, g, A, and v are fixed. For z a real, let N (x) be the least N which satisfies:

N =w or By, (z,(N),).
(a) Vn < N(x)3ip Rp(Z(in)).
(b) If N(z) < w, then Vj Z(j) ¢ Rn(q)-
(c) If N(z) <w, then: v € Ay, & 2 € (C’, é)* (/T)
Proof: Parts 3.6(a) and 3.6(b) follow from the definitions of N and Ry. 3.6(c) follows immediately from
(iii). If N = N(z) < w, then By, (z,(N)1) so that by (iii),

-,

v € Ay = (C, Biny,)* (A, dk(A,.(n),)) & x € (C, B)*(A).

a(Lemma 3.6)
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