Now we prove that Det(I1?, £9)* follows from L(0%2)[#;] = “every real
has a sharp.” In the following proof, we integrate a w.s. for an auxiliary game
G?. G? contains the moves of the auxiliary games GY and G'. Furthermore,
we shall use Theorems 1.0 and 1.1 to obtain a w.s. for Gz whenever p is a
legal position of G2 such that the moves of G? following p constitute a play
of either GO(U; @) or G*(U; @) for some U and .

Theorem 1.2. If L(0%2)[#4] |= “every real has a sharp,” then
Det (119, %9)*.
Proof: Assume L(0%2)[#;]}="“every real has a sharp.” Let
Bell}, C € X¥ and (4, | a < w?)
strongly witness A € (I19, £9)*. There exist Rp and R¢ in AY such that
i.) B(z,n) < VkRp(z(k),n);
ii.) C(z,n) < IkRc(Z(k),n);
iii.) if “Rp(Z(k),n) and Vj < kRp(Z(j),n), then k is odd; and
iv.) if Ro(Z(k),n), and Vj < k—Rc(Z(j),n), then k is odd.
We show that G4 has a w.s. s. Conditions (iii) and (iv) help to simplify the
proof.

We describe an open game G2 which has a w.s. s2 € L(0%2)[#,]. We in-
tegrate s2 to get the w.s. s € L(0%2)[#1] for G4. The moves of G2 are the in-
teger moves x(i) of G 4 as well as two types of auxiliary moves: Borel auxiliary

moves and ordinal auxiliary moves. In G2, first the players play Borel auxil-
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iary moves @ and (g, ¢) which are determined by the X9 set {q|3kRc(q, k)}:

21 Q
G T )

Let Q = Qg = 1) and ¢ = {g|¢ = 0). G? contains a sequence
((T; (tn,tn))|Vj < n £; = 0) of Borel auxiliary moves. The sequence
(T {Ens ta)) Vi <m0 B = 0)
and the IIY set B are related via Rp, and player I may only play T; €
L(Q)[#1]. If II plays ¢ = 1, then the moves of G2 following (1, —) consti-
tute a play of G°(Q). If II plays ¢ = 0, then the moves of G? following (0, q)
constitute a play of G1(Q; q) (i.e. of G1(q)).

If § =1 and all ¢, = 0, then the play of G2 is

a2 @ To x(0) T z(2) To =z(4)
I (G@,9) (0,to)  =x(1) (0,t1) =(3) (0,t2) =x(5) '

If § =0 and all £, = 0, then the play of G2 is

G2 I Q TO x(O),)\o T1 $(2),>\2 T2 :13(4),>\4 .
II <Cjaq> <07t0> m(l)v)‘l <O’t1> 117(3)7)\3 <O’t2> 117(5),)\5

Whenever II plays § = 1 and some £, = 1, a typical play of G? is

a2 1@ To z(0) T ©(2)
I (@) (0,to) =(1) (0,t1) =(3)
C Tna z(2n—-2), Ty z(2n),fo  z(2n+2),62 L
<0atn—1> x(zn_l) <17_> .17(271—’-1),51 x(2n—|—3),£3

Whenever II plays § = 0 and some %, = 1, a typical play of G? is

a2 1@ To z(0),A0 T1 z(2),A2
II <(j,q> <O,t0> x(l),Al <O,t1> $(3)7>\3
 Tha z(2n—2),A\2n—2 T, z(2n),&o z(2n+2),&2

(Otn_1) x(2n—1),Aon_1 (1,—)  x(2n+1),&1  x(2n+3),&3

Let u be least such that Rc(q, ) whenever ¢ = 0; otherwise p is unde-

fined. If II plays (q,q) = (0,q), ordinal auxiliary moves \;’s are played and
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the \;’s are properly ordered with respect to Z(i+1) and (An|a < w-(p+1))
using (wﬁfﬁé(o))ﬁ < ).

Regardless of what II plays for ¢, if II plays ¢,, = 1, then ordinal auxiliary
moves &;’s are played so that the &;’s are properly ordered with respect to
(Aol < w - (n+1)) using (wiLjL(ﬁ(Q”T”))H < n).

Player I wins G? iff a (legal) position (of odd length) is reached at which
IT cannot make a (legal) move. G? is an open game. Therefore, define for each
ordinal o, P, as the set of positions with ordinal o and let P = J,,con Pa- Ifp
is a legal position in G2, let £, denote the set of legal positions in G? consistent
with p. The set of legal positions for G2 is in L(0%2)[#;]. Moreover, whenever
p is a legal position in G?, the following holds:

v.) If p includes the move (g, ¢), then L(@)[#l] contains /,. Furthermore,
Q is coded by a real in L(#3(0))[#1].

vi.) If p includes moves (g, q) and (#,,t,) = (1,—), then £, € L(Q,T,) and
T, is coded by a real in L(Q)[#1].

Using (P,|a € ON), define a wellordering < of the legal positions for G2
such that < is definable in L(0%#2)[#;] and whenever p is a legal position in
G?, < |4, is a wellordering of the legal positions of G? consistent with p and
the following hold:

vii.) If p includes the move (§,q) = (1,—), then Q = (@) and < |f, is

definable in L(Q) [#1]. If p includes the move (0, ¢), then Q= ()and < |€, is
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definable in L(Q)[#4] from (w,ﬁffé(@) li < p). (Recall that if ¢ = 0, p is least
such that Ro(q, p).)

viii.) If p includes moves (g, q) and (t,,t,) = (1, =), then < |, is definable
in L(Q,T,) from (wif;l#l(@’T”))\i < n).

By Lemma 0.14, use < to define the canonical w.s. s? for G?. Then s
is definable in L(O#é)[#l]. Furthermore, if p is a legal position in G?, then
52|, is a w.s. for Gg and is definable in any inner model of ZF in which < |,
is definable. Therefore, s? has the following properties:

Lemma 1.2.1. Let p be a legal position in G2. Recall that whenever § = 0,
p is least such that Rc(q,p) and otherwise p is undefined. Then s?|¢, is a
w.s. for Gg and each of the following hold:

ix.) If p includes the move (g, q¢) = (1, —), then s?|¢, is definable in L(Q)[#4].
If p includes the move (g, ¢} = (0, q), then s?|¢,, is definable in L(Q)[#1] from
(wﬁf%@))\i < 1)

x.) If p includes moves (4, q) and {(f,,t,) = (1,—), then s2|¢, is definable
in L(Q,T,) from (wﬁf&%@))ﬁ < n).

If p is a legal position in G? which includes the move (g,q) = (0, q),
we use Property (ix) and indiscernibles for L(Q)[#1] to integrate s?|¢, with
respect to the \;’s. If p is a legal position in G? which includes moves (4, q)

and (f,,¢,) = (1,—), then @ and T}, are coded by a real in L(Q)[#1] and

we use Property (x) and indiscernibles for L(@, T,) to integrate s?|¢, with
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resepct to the &;’s.
Claim I: Player I has a w.s. for G 4 if he has one for G2.

Let’s first consider the case in which ( ) € P. Then s? € L(O#é)[#l] is
a w.s. for I in G?. We use s? to define a w.s. s for I in G4. Define Q so
that the position pg = (Q; (1, —)) is consistent with s?. By Lemma 1.2.1(ix),
s2|,, is definable in L(Q)[#1]. By Theoerm 1.0, integrate s2|¢,, so as to
obtain a w.s. so € L(Q)[#1] for A(Q). Let s(p) = so(p) for any position
p=(z(0);z(1);2(2);...;2(i — 1)) such that Vi’ < iVk-Rc(z(i'), k).

Suppose we reach a position such that FidkRco(Z(i), k). Let i be least
such that FJkRc(Z(i), k), and let u be least such that Rco(Z(i), n). By (iv), @
is odd. Let Q = s%( ) (as above), (4,q) = (0,z(i)), and p; = (Q;(0,¢q)). By
Lemma 1.2.1(ix), s?|¢p, is definable in L[#;] from (wﬁffﬁé(o))\z’ < p). Since
072 exists, by Theorem 1.1, integrate s2|€,, so as to obtain a w.s. s € L(0%#:2)
for A(q). Let s(p) = s1(p) for any position p which extends q.

Claim: The strategy s of player Iis a w.s. in G 4.

Suppose z is a play of G4 consistent with s. By the definition of s, there
exists a w.s. so € L(Q)[#1] for A(Q) such that x(2i) = so(z:(1); 2(3);...; 2(2i—
1)) whenever Vi’ < 2i¥n—Rqc(Z(i'),n). If ViVn-Rc(Z(i),n) holds, then x €
A(Q) so that z € A by Theorem 1.0.

Otherwise, InR¢c(Z(i),n) for some least i. By the definition of s, there

exists a w.s. s € L(O#é) for A(z (7)) such that
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x(2k) = s1(x(1); 2(3);...;x(2k — 1)) whenever 2k > 1.
Therefore, z € A(Z(i)) so that x € A. Thus, s is a win for L.
Claim II: Player II has a w.s. for G4 if he has one for G2.

Now let’s consider the case ( ) € P. We integrate II’s w.s. s% for G? to

get the w.s. s € L(0#2)[#4] for IT in G4. Let
Q = {positions q in Ga | V@' € L#3(0))[#1] (0,0) £ 2(Q")}.
Then Q € L(0%2)[#4] and (1, —) = s2(Q). Let po = (Q; (1, —)).

By Lemma 1.2.1(ix), s2|¢,, is a w.s. for A(Q) and is definable in L(Q)[#1].
By Theorem 1.0, there exists a w.s. sg € L(Q)[#1] for the game A(Q). Let
s(p) = so(p) for any position p = ((0);x(1);x(2);...;x(¢ — 1)) such that
Vil <iz(i') € Q.

Suppose we reach a position Z(i) (of least length) such that z(i) ¢ Q.
Then i is odd and there exists Q' € L(0%#2)[#] such that the position p; =
(Q’;(0,Z(7))) is consistent with s2. By Theorem 1.1, obtain a w.s. s; €
L(#21(0)) for A(Z(i)). Let s(p) = s1(p) for any position p which extends Z(3).
Claim: The strategy s of player Il is a w.s. for G 4.

Suppose z is a play of G4 consistent with s. By the definition of s, there
exists aw.s. sg € L(Q)[#1] for A(Q) such that z(2i+1) = so(x(0); x(2);...; x(27))
whenever Vi’ <2i+1z(i") € Q. If Vi (i) € Q, then z € A(Q) so that x ¢ A.

Otherwise, there exists ¢ such that z(:) ¢ @ and Vj < i Z(j) € Q. By

the definition of s, there exists a w.s. s; € L(#3(0)) for A(Z(i)) such that
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x(2k + 1) = s1(x(0); 2(2); ...; z(2k)) whenever 2k + 1 > i. Therefore, since s;
is a w.s. for II, = & A(Z(7)) so that x ¢ A. Consequently, s is a w.s. in G4 of

2 is a w.s. n

the player for whom s
Now we show that the existence of indiscernibles for L(O#é)[#ﬂ implies

the determinacy of (IIY,%9)%. The proof of this theorem is almost identical
to the proof of Theorem 1.2.
Theorem 1.3. If 0%#: exists (i.e. L(0%2)[#4] has indiscernibles), then
Det(II9, X9)* .
Proof: Assume L(0%2)[#;] has an uncountable set C} of indiscernibles. Let
Bellf, C €Y, (A, | a <w?), and m € w strongly witness A € (II7, X9)% .
Then there exist R and Rc in AY such that

i.) B(z,n) < VkRp(z(k),n);

ii.) C(z,n) < IkRc(Z(k),n);

iii.) if “Rp(Z(k),n) and Vj < kRp(Z(j),n), then k is odd; and

iv.) if Ro(Z(k),n) and Vj < k= Rc(Z(j),n), then k is odd.
Conditions (iii) and (iv) help to simplify the proof.

We describe an open game G3 which has a w.s. s® € L(O#é)[#l]. We
complete the proof by integrating s> to get the w.s. s € L(Oz#é) for G 4.
The moves of G? are the same as the moves of G? with one exception: In
G3, ordinal auxiliary moves \g; and \o;41 are respectively played with integer

moves z(2¢) and x(2i+1) whenever § = 1; whereas, no ordinal auxiliary moves
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\; are played in G? whenever II plays § = 1.

If all #; = 0, then the play of G is

I Q To £L‘(O),>\0 T1 x(2),)\2 T2 $(4),>\4
IT <ijq> <07t0> x(l)vAl <0at1> LU(3),)\3 <07t2> LU(5),)\5 o

If some t,, = 1, the play of G3 is

I Q T() .’IJ(O),)\O T1 :E(Z),/\g ..
11 <(j,q> <0,t0> :L’(l),)q <0,t1> :L’(3),)\3
CTha z(2n—2),Aap—2 Ty z(2n),&o z(2n+2),&2

(Otn_1)  @(@2n—1)Xan_1 (1,=) z(2n+1),&; x(2n+3)&3

The moves of G2 following (g, ¢) constitute a play of G'(q) whenever II
plays ¢ = 0, and they constitute a play of G'(Q) whenever II plays § = 1.
Let @ = (Q | G = 1). Player I must play so that Q € L(0%2)[#4] and each
T; € L(Q)[#1]. Moreover, the Borel auxiliary moves must satisfy the same
conditions as in G?: {q|3kRc(q, k)} determines the Borel auxiliary moves Q
and (4, q), and the sequence ((T}; (tn,t,))|Vi < n t; = 0) of Borel auxiliary
moves and the I19 set B are related via Rp.

If § =0, let u be least such that Rc(q, pt); otherwise, let = m. The \;’s
are properly ordered with respect to (Ay|a < w-(p+1)) using (w{jﬁf&%(@) li <
1), (Notice #5(Q) can equal 243(0).) If £, = 1, the &’s are properly ordered
with respect to (As|a < w - (n+ 1)) using (wﬂf%(@’ﬂ))\i < n).

Player I wins G? iff a (legal) position (of odd length) is reached at which
IT cannot make a (legal) move. G is an open game and therefore we define,

for each ordinal «, P, as the set of positions with ordinal o and let P =

Uacon Pa- If pis alegal position in G3, let £, denote the set of legal positions
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in G® consistent with p. The set of legal positions for G2 is in L(O#é)[#l].
Moreover, whenever p is a legal position of G3, the following properties hold:

v.) If p includes the move (g, q), then L(@)[#l] contains £,. Furthermore,
Q is coded by a real in L(2#3(0)).

vi.) If p includes moves (g, q) and (#,,t,) = (1,—), then £, € L(Q,T,) and
Q and T}, are coded by a real in L(Q)[#1].

L(0%2)[#1] has a definable wellordering < of the legal positions for G3

such that whenever p is a legal position in G, < |¢,, is a wellordering of the
legal positions of G2 consistent with p and the following hold:

—

vii.) If p includes moves (0, q), then < |¢, is definable in L(Q)[#1] from
(wﬂf&%(é))\i < u). (Recall that if ¢ = 0, p is least such that Rc(q, 1), and
otherwise p = m.)

viii.) If p includes moves (4, q¢) and (t,,t,) = (1, —), then < |¢, is definable
in L(Q,T,) from <w,ﬁ£ﬁ(@’ﬂ))\i < n).

By Lemma, 0.14, use < to define s3 to be the canonical w.s. for G3. Then
s3 is definable in L(O#é)[#l]. Furthermore, if p is a legal position in G*, then
s°[lp is a w.s. for G in any inner model of ZF in which < |/, is definable.
Therefore, s® has the following properties:

Lemma 1.3.1. Let p be a legal position in G3. Recall that whenever § = 0,

p is least such that Ro(q, 1) and otherwise g = m. Then s3|¢, is a w.s. for

Gf’, and each of the following hold:
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ix.) If p includes the move (g, g), then s3|¢, is definable in L(Q) [#1] from
<wfif%(é))’i < ).

x.) If p includes the move (f,,t,) = (1,—), then s®|¢, is definable in
L(@.T,) from (W@ T} < ).

If p is a legal position in G® which includes the move (g, q), we use
Property (ix) and indiscernibles for L(Q)[#1] to integrate s3|¢, with respect
to the \;’s. If p is a legal position in G® which includes the moves (g, q) and
(tn,tn) = (1, =), then T}, is coded by a real in L(Q)[#1] and we use Property
(x) and indiscernibles for L(Q, T},) to integrate s3|¢, with resepct to the &’s.

Claim I: Player I has a w.s. for G 4 if he has one for G3.

Let’s first consider the case in which ( ) € P. Then s> € L(O#é)[#l] is a
w.s. for I in G3. We use s> to define a w.s. s for I in G4. Let Q = s3(()),
(G,q) = (1,—), and py = (Q; (1, —)). By Lemma 1.3.1(ix), s3|¢,, is definable
in L(Q)[#1] from (wﬂf%(@)ﬁ < m). Since L(Q)[#1] has indiscernibles, by
Theorem 1.1 obtain a w.s. s € L(#4(Q)) for A(Q) by integrating s3|¢,, .
Let s(p) = so(p) for any position p = (z(0); z(1); z(2);...;z(i — 1)) such that
Vi! < iVn-Re(Z(i'),n).

Suppose we reach a position such that JidnRc(Z(i),n). Let i be least
such that InRc(Z(i),n). Let Q = s3( ) (as above), (¢,q) = (0,%(i)), and

p1 = (Q;(0,¢)). By Lemma 1.3.1(ix), s®|¢,, is definable in L[#;] from

<wL(#%

i1 (O))|z' < ). Since L[#1] has indiscernibles, by Theorem 1.1, integrate

page 67; 4c.tex; December 26, 1990



s3|¢,, so as to obtain a w.s. s1 € L(O#é) for A(q). Let s(p) = s1(p) for any
position p which extends gq.
Claim: The strategy s of player I is a w.s. in G 4.

Suppose x is a play of G4 consistent with s. By the definition of s,
there exists a w.s. so € L(#3(Q)) for A(Q) (where Q = s3( )) such that
x(2i) = so(z(1);x(3);...;2(2i — 1)) whenever Vi’ < 2i¥n—Rc(Z(i'),n). If
ViVn—Rc(Z(i),n) holds, then z € A(Q) so that x € A by Theorem 1.1.

Otherwise, InR¢c(%(i),n) for some least i. By the definition of s, there
exists a w.s. s; € L(0%2) for A(Z(i)) such that

x(2k) = s1(x(1); 2(3);...;z(2k — 1)) whenever 2k > i.
Therefore, x € A(Z(i)) so that x € A. Thus, s is a win for I.
Claim II: Player II has a w.s. for G4 if he has one for G3.

Now let’s consider the case { ) € P. We integrate II's w.s. s3 for G to

get the w.s. s € L(OQ#é) for Il in G 4. Let

Q = {positions g in GA[¥Q' € L#3(0))[#1] (0,q) # s*(Q')}.

Then (1,—) = s3(Q) and Q € L(0%2)[#]. Let pp = (Q;(1,—)). By
Lemma 1.3.1(ix), s3|¢,, is a w.s. for A(Q) and is definable in L(Q)[#1] from
(wf Jff%(@ )\i < m). Since indiscernibles for L(Q)[#1] exist, by Theorem 1.1,
integrate s3|¢,, so as to obtain a w.s. sg € L(#3(Q)) for the game A(Q).
Let s(p) = so(p) for any position p = (z(0);z(1); x(2);...;z(i — 1)) such that
Vil <iz(i') € Q.
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Suppose we reach a position Z(i) (of least length) such that z(i) ¢ Q.
Then ¢ is odd and there exists Q' € L(O#é)[#l] such that the position p; =
(Q';(0,Z(7))) is consistent with s. By Theorem 1.1, obtain a w.s. s; €
L(#7(0)) for A(z(i)) by appropriately integrating s3|¢,,. Let s(p) = s1(p) for
any position p which extends Z ().

Claim: The strategy s of player Il is a w.s. for G 4.

Suppose z is a play of G4 consistent with s. By the definition of s, there

exists a w.s. so € L(#5(Q)) for A(Q) such that
x(2i) = so(x(1);2(3);...;2(2¢ — 1)) whenever Vi’ < 2i z(i') € Q.
If Vi (i) € Q, then x € A(Q) so that x € A.

Otherwise, there exists ¢ such that z(:) € Q and Vj < i Z(j) € Q. By
the definition of s, there exists a w.s. s; € L(#3(0)) for A(Z()) such that
x(2k + 1) = s1(x(0); z(2); ...;z(2k)) whenever 2k + 1 > i. Therefore, since s;
is a w.s. for II, = ¢ A(Z(i)) so that = ¢ A. Consequently, s is a w.s. in G4 of

3 is a w.s. n

the player for whom s
Definition 1.2. Let B € IIY, C € XY, (A, | @ < w?), and m € w strongly
witness A € (IIY, X9)% . Then we refer to the auxiliary game G* described in
the Proof of Theorem 1.3 as the G® auziliary game determined by B € TIY,
Cexf, (4, | a <w?), and m € w.

Suppose U = (Us|i < n) and @ = (u;]i < 6) respectively are a finite

sequence of I-imposed subgames of G4 and a sequence of legal positions of
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Ga. Then the G3(U; @) auziliary game determined by B, C, (Aq | o < w?),
and m € w is the game which has exactly the same moves as G?, player I wins
iff a position is reached at which player II cannot make a (legal) move, and
the moves are subject to the following conditions:

i.) Each #(i) € (,, U; and each Z(i) must be consistent with every u;.

ii.) Q € L#3(0))[#1] (where @ = (Q [ =1)).

iii.) T; € L(U, Q)[#1].

iv.) The \;’s are properly ordered with repect to (A,|la < w - (u + 1))
using (wﬂfé([j’é))\i < u) (where p is least such that Re(q,p) if ¢ = 0 and
otherwise p = m). (Notice #3(U, Q) can equal 243(U).)

v.) Ift, = 1, the &’s are properly ordered with respect to (A, |a < w-(n+1))
using (wﬂf%(ﬁ’é’n))ﬁ < n).

vi.) {q|3kRc(q, k)} determines the Borel auxiliary moves @ and (g, q).

vii.) The sequence ((Ty; (fn,tn))|Vj < n t; = 0) of Borel auxiliary moves
and the II{ set B are related via Rp.

These conditions are analogous to the conditions for the moves of G3.
The last two are conditions which the moves of G must satisfy. The other
conditions are derived by changing the conditions for the moves of G* so that
they are consistent with U and @. We refer to G3(U; @) instead of the G3(U; @)

auxiliary game determined by B, C, (A, | a < w?), and m € w whenever

B, C, (Ay | @ < w?), and m € w are clear from the context. Analogous to
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Theorem 1.3, we have the following:

Corollary 1.3.1. Let B, C, (A, | a < w?), m, A, U, and @ be as in Definition
1.2. Let p be a legal position of a game G* such that the moves of G* following
p constitute a play of GS(U'; #). Suppose 2#%((7) exists, U has a wellordering
definable in L(U), and s* is a w.s. for G* such that s*|¢, € L(#(U))[#1].
Then s*|¢, can be integrated so as to obtain a w.s. s, € L(2#4(0)) for
A(U; @) such that the following hold:

i.) s, is a w.s. of the player for whom s* is a w.s.

ii.) If s* is a w.s. for I, p is a position consistent with s,, and the moves
in p of player II are consistent with u, then p € ﬂi<n U;. Therefore, if s* is a
w.s. for I and z is a play consistent with s,, then x € A(«).

iii.) Let p be a position consistent with s, and with U. If the moves in p of
the player for whom s, is not a w.s. are consistent with , then p is consistent

with . -
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