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ABSTRACT
Determinacy and Multiplayer Games
by
Christine Lee McKenna
Dr. Derrick DuBose, Examination Committee Chair
Associate Professor of Mathematics
University of Nevada, Las Vegas

In the field of set theory, two-player infinite games of perfect information are well
studied. The determinacy of various classes of such games have led to many important
results. Furthermore, such determinacy follows from large cardinal axioms. In this
thesis, we are instead interested in such infinite games with more than two players. With
the study of two-player games being so fruitful, why aren’t such infinite games studied
with more than two players?

One difficulty in proving determinacy is that players need not play in any reasonable
manner: A player may actually play a move that immediately resultsin awinning
strategy or even an instant win for another player, even when such a move need not be
played. We note that this|eads to nondetermined games of extremely low complexity
with three players, four players, five players, etc. However, we obtain determinacy of
multiplayer games in which all but one player has an open payoff set and in which certain
conditions are placed on certain player’s moves. certain playerswill not be allowed to
make a move that immediately results in awinning strategy for certain other players

whenever such a move exists.
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ABSTRACT
Determinacy and Multiplayer Games
by
Christine Lee McKenna
Dr. Derrick DuBose, Examination Committee Chair
Associate Professor of Mathematics
University of Nevada, Las Vegas

A natural requirement in any game isto require that the players cannot play any move
that results immediately in awinning strategy for another player. Of course, one needs
that there is always a move to play consistent with this requirement in order for play to
continue. We show that one of the players has awinning strategy in any infinite finite-
player game of perfect information such that: (1) the game satisfies the above “natural”
requirement, (2) amoveis aways available to play that does not violate the requirement,
and (3) al except possibly one of the players has an open payoff set (i.e. a most one
player has a payoff set that is not open).

We actually show a stronger result that impliesthis. Inthethesis, we weaken the
“natura” requirement above so that only certain players can’'t play a move that results
immediately in a particular type of winning strategy for certain other players. Itiswell
known, at least in set theory, that for a player X with open payoff: (i) ordinas of position
for player X can be defined, and used to define aw.s. for player X when a position is
reached that has such an ordinal, and (ii) that players other than X can use ordinals of

positions of X to avoid reaching a position at which X has awinning strategy when a

Vi



position does not have such an ordinal. We use arestricted version of ordinals of
positions that still satisfies (i) and (ii). Our “natural” requirement is weakened so that
only certain players are restricted from making moves that result in aposition that isin
the ordinals of certain other players. Thefina result is striking in that we also provide
three-player, four-player, n games of perfect information with extremely low

complexity in which no player has awinning strategy.
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ABSTRACT
Determinacy and Multiplayer Games
By
Christine Lee McKenna
Dr. Derrick DuBose, Examination Committee Chair
Associate Professor of Mathematics
University of Nevada, Las Vegas

In the field of set theory, two-player infinite games of perfect information are well
studied. The determinacy of various classes of such games have led to many important
results (Lebesgue measurability, the Baire property, and selection principles for certain
sets). Furthermore, such determinacy follows from large cardinal axioms. In thisthesis,
we areinstead interested in such infinite games with more than two players. With the
study of two-player games being so fruitful, why aren’t such infinite games studied with
more than two players?

One difficulty in proving determinacy is that players need not play in any reasonable
manner: A player may actually play a move that immediately resultsin awinning
strategy or even an instant win the another player, even when such a move need not be
played. We note (in Chapter 1) that this leads to nondetermined games of extremely low
complexity with three players, four players, five players, etc. However, we obtain
determinacy of multiplayer gamesin which all but one player has an open payoff set and

in which certain conditions are placed on certain player’s moves: certain playerswill not
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be allowed to make a move that immediately resultsin awinning strategy for certain

other players whenever such a move exists.

1% rough draft, very dry Do Not Use

ABSTRACT
Deter minacy and Multiplayer Games
By
Christine Lee McKenna
Dr. Derrick DuBose, Examination Committee Chair
Associate Professor of Mathematics
University of Nevada, Las Vegas
We consider certain three-player infinite games of perfect information which satisfy
non-helping conditions. We investigate those open games in which two players are
assigned open payoff sets. We use ordinas of a position to define the moves of the
players. We define non-hel ping conditions which restrict the moves of players from
helping their opponents, especially those players with open payoff sets. We show that
these three-player biased open games which satisfy non-helping conditions are
determined. We examine the question as to whether our non-hel ping conditions are
optimal. We investigate other players having open payoff sets, that the order of assigning
open payoff sets does not matter, as long as the non-helping conditions aso reflect this

change. We then generalize out result of three-player open games are determined to an

(n+1) -player open biased game is determined.






PRELIMINARIES AND NOTATION

Our research questions arise from the field of determinacy and set theory in which
typically one studies two-person infinite games of perfect information. The determinacy
of various classes of such games have led to many important results (L ebesgue
measurability, the Baire property, and selection principles for certain sets). Furthermore,
such determinacy follows from large cardina axioms and level-by-level correspondences
between large cardinals and determinacy of various definable classes of games are well-
known.

First let’s review infinite games of perfect information. We shall describe aplay in
such agame, the length of the game, the payoff sets for the game, etc. An infinite game
of perfect information onaset X isinfinite since there are infinitely many moves, which

can bedenoted by f(0), f(D), f(2), f(3),K that are played. These movesareto be
chosen fromtheset X ,i.e. f(i)OX forevery iDw.' If agame hasafinite number n
of players, then the first player plays f(0), f(n), f(2n), f(3n),K , and more generally,
the k™ player plays f(k-1), f(n+k-1), f(2n+k-1), f (3n+k-1),K . A play of an
infinite game of perfect information with length w can be thought of as a function f
from w into X, thatis, f 0X“. Thefunction f isdefined by the players “taking turns’

choosing an element from the set X (to play as moves). Inthisthesis, we are interested

in games in which the moves are from the natural numbers. Player | chooses f (0) [0 X

'tisstandard that w denotes the set of natural numbers: {0, 1, 2, 3,K} .
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first, then player 11 chooses f (1) 0 X, player |11 chooses f(2) X, and this continues
until the last player (the n" player) selects f(n-1)0 X . Together these first n moves
make up thefirst inning of play. Following the first inning of play, the second inning of
play starts with player | selecting f (n) [ X , and continues in the obvious manner until
the last player plays f(n—1)0 X . The i" inning of play is defined ana ogously.
Associated with this game are payoff setsfor the players. Each payoff setisa
collection of functionsfrom w into X. Suppose A,, A,,L , A, respectively denote the
payoff sets of player I, II, I1l, etc. Theneach A, O X“. Player | winsthe gameif the

resulting play f isin|’spayoff set A, ; that is, player | winsthe gameiff f JA,. More

generaly, the k™ player winsthe gameiff f 0 A, . We do not alow for ties so that we

require the payoff setsto be pairwise digoint,i.e. i # j = A n A =0 and [JA = X“.

i=1
The gameis said to be of perfect information since at any point in the game, each
player has full knowledge of al the previous moves in the game and of each player’s
payoff set. Thisfact isimportant when describing strategies and winning strategies for a

given player. o isastrategy for player | if o definesamove for player | in terms of the
previous movesin the game. More generally, o isastrategy for the k™ player if o
defines a move for the k™ player in terms of the previous moves in the game. “A play
f =(f(0), f@).K,f(n),K,f(2n),K) isaccordingto astrategy o for the k"™ player”
has the obvious meaning:

f(j)=o(f(0), f@®.K, f(j-1) whenever f(j) isamovefor the k" player.

Inthat case, j =in+k -1, where i +1 istheinninginwhich f(j) isplayed. Hence:
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f(in+k—1):a(f(0), f(1),K ,f(in+k—2)) for i Dw.
A strategy o isawinning strategy for the k™ player if for al f 0 X that isaccording

to o, f OA, (inwhich case, the k™ player wins the game). A gameissaid to be

determined if one of the players has awinning strategy for the game.

We are naturally interested in the complexity of the payoff sets, as determinacy is
more likely to hold for games with payoff sets of low complexity. Intwo-player infinite
games of perfect information, determinacy has been proven for games with somewhat
“complex” payoff sets.

One difficulty in proving determinacy is that players need not play in any reasonable
manner: A player may actually play a move that immediately resultsin awinning
strategy or even an instant win for another player, even when such a move need not be

played. Thisleads to nondetermined games of extremely low complexity with three

players, four players, five players, etc. (see Chapter 1). However, in thisthesis, we still
obtain determinacy of certain multiplayer games by introducing some restrictions on
certain players moves. Certain playerswill not be alowed to make a move that
immediately results in awinning strategy for certain other players. For the multiplayer
games for which we obtain determinacy in this thesis, the payoff sets of all but one player

will be open (defined bel ow).
A payoff set AL X“ isopen iff thereis acollection { b |01} of positions in the
game such that A is exactly al plays that extend some position in D:
f OA iff CpOD (pO f).
A gameisopen for aplayer if that player has an open payoff set. Inthiscase, if sucha

player wins the game, thisis known at some position in the game, as that player had
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extended some position in D. Further, the converse holds, as a player with open payoff
must extend some position in D or otherwise lose the game. Typically payoff sets are
more complex than open, and one doesn’t know if the play isin a payoff set until the
entire play is complete.

Gale and Stewart [GS53] showed that all infinite two-player games of perfect
information which are open for one of the players are determined. Many other interesting
results are well-known about the determinacy of two-player games. Excellent references
for material on determinacy include: Chapter 6 of Descriptive Set Theory by Yiannis N.
Moschovakis [M080], Chapter 6 of The Higher Infinite, Second Edition, by Akihiro
Kanamori [Ka03], Classical Descriptive Set Theory by Alexander S. Kechris[Ke95],
Donad A. Martin’s upcoming book on determinacy [Ma |, and the paper “Long
Games’ by John R. Steel [St88].

It iswell-known that associated with an open payoff set for aplayer X, one can define

ordinals of positions, ORD, . Thisis presented in Chapter 2. ORD, can be used to define
awinning strategy for player X whenever aposition is reached that isin ORD, . For
certain players X and Y, we shall require that player Y plays movesthat are not in ORD,
whenever such amove exists. (This may be viewed as a natural requirement, because
otherwise if player Y plays amove resulting in a position with an ORD, - value, then

player X has awinning strategy for the remainder of the game.) We obtain determinacy

of multiplayer gamesin which al but one player has open payoff, by adding this type of



“non-helping” requirements to the game.? A corollary to the result is:

In Chapter 3, we prove determinacy of such three-player games which are open for
players | and Il by adding three such “non-helping” conditions. In Chapter 4 we show
that determinacy cannot be proved if we drop any one of these three conditions. In
Chapter 5, we show that the Chapter 3 result carries over when the three-player gameis
open for any two of the players. We generaize the Chapter 5 determinacy result to any
finite number of playersin Chapter 6. In Chapter 1, we present nondetermined
multiplayer games of low complexity. In Chapter 2, we present the definition of ordinals
of positions and use it to prove some determinacy as awarm-up for the later results.

Thefollowing is anice corollary to the determinacy resultsin thisthesis:

Corollary 6.6. Determined is any infinite finite-player game of perfect information in
which:

1 At most one player has a payoff set that is not open,

2 At every position, there is amove m such that at the resulting position, not
player other than possibly the player making the move m has awinning
strategy, and

3 Each player isrequired to make such a move m.

We actually show a stronger determinacy result (see Theorem 6.3) than Corollary 6.6
But the above corollary is more easily cited, as it doesn’t require the reader to look at the

definitions of our “non-helping” conditions!®

Z We emphasize “type” because we shall need to use a“restricted” version of ORD, , instead of ORD, in
many of our non-helping requirements. Our restricted version of ORD, is obtained by restricting the

quantifiersin the usual definition of ORD, to acertain set (such aset will be the collection of positions

whose initial segments are al out of the “restricted” ordina for another player).
3 The non-hel ping conditions though “give” stronger results.



CHAPTER 1

NONDETERMINACY OF MULTIPLAYER GAMES

Even though the axiom of choice implies that some two player games are not
determined, it iswell known that two-player games of perfect information in which the
payoff sets are sufficiently definable are determined. In fact, Donald A. Martin [Ma75]
proved all Borel games are determined, and he and others proved that the existence of
very large cardinals implies the determinacy of projective sets[MS89]. In fact to obtain a
nondetermined two-player game requires the use of the Axiom of Choice. One might
anticipate asimilar situation regarding determinacy for three-player games. Thisturns
out not to be the case! In this section we prove that some very simple three player games
are not determined. Initially we present a nondetermined three-player game with only
one move, and then present a nondetermined three-player game with at most one inning

of play. We then generalize these results to games with more players.

Theorem 1.1. There exists a nondetermined three-player game. In fact, [ set E with

|E| > 2 there exists a nondetermined three-player game on E with exactly one move and

in which player | has empty payoff.



Proof. Pick an arbitrary set E with |E|> 2. We describe athree player game G on E and

show G isnot determined. Player | has empty payoff. Let allE. Player Il wins G iff

player I'sfirst moveisa. Therefore player 111 wins G iff player I'sfirst moveisnot a.

Claim. Thisgame G isnot determined.

Since player | has empty payoff, any play y according to any strategy for player |
cannot be awin for player I. Therefore, player | has no winning strategy.

Any strategy o, for player 11 cannot be awinning strategy since any play y that is
according to o inwhich player I’sfirst moveisnot aisalossfor player Il. Therefore
player Il has no winning strategy.

Similarly, player I11 has no winning strategy since any play y inwhich player I's
first moveisaisalossfor player 111, regardiess of whether V isaccording to some
strategy for player Ill.

Thus the game is not determined. , (Theorem 1.1)

In Theorem 1.1, player | could not win, but decided the winner through his move.
Next we show that any one of the players could be the decision maker of the gamein the

first inning of play.

Theorem 1.2. Let E beaset with aleast two elements. OX O{1, II, 11} thereexistsa

nondetermined three-player game on E with at most one inning of play and in which

player X has empty payoff.



Proof. Pick an arbitrary set E with |E| > 2. Wedescribe athree player game G on E and

show Gisnot determined. Let allE. Let X,Y and Z beplayers1, Il and 111 (in any
order). Player X has empty payoff set. Player Y wins G iff player X’sfirst moveisa.

Player Z wins G iff player X’sfirst moveisnot a.

Claim. Thisgame G is not determined.

Since player X has empty payoff, any play y according to any strategy for player X
cannot be awin for player X. Therefore, player X has no winning strategy.

Any strategy o, is not awinning strategy for player Y sinceany play y that is
according to o inwhich player X’sfirst moveisnot a, isalossfor player Y. Therefore,
player Y has no winning strategy.

Similarly, player Z has no winning strategy since any play y in which player X’s
first moveisaisalossfor player Z, regardless of whether Y is according to some

strategy for player Z.

Thus the game is not determined. , (Theorem 1.2)

The proof of Theorem 1.2 goes through even if we add additional players who have
empty payoff. If Eisaset with at least two elementsand « isany ordina greater than or
egual to three, then there exists a nondetermined «- player game on E in which only two
players have nonempty payoff sets and at |east one player with empty payoff makes a
move. The player with the move decides the winner between the two players with
nonempty payoff. We now state thisresult in Theorem 1.3 and shall use this result in

Theorem 1.5.



Theorem 1.3. Let E be any set with at least two elements. Let « beany ordinal > 3.
Then there exists anondetermined «- player game on E (in which exactly two players

have nonempty payoff and in which one player with empty payoff makes a move).

Proof. Pick an arbitrary set E with |E|22. Let « beany ordinal >3. Wedescribea

k-player game G on E and show G isnot determined. Let alJE. Pick any three players
X,Y,and Z fromthe « players. Let X have empty payoff and let player X make a move
m. Player Y winsiff m=a. Player Z winsiff m# a. Sinceonly player Y and Z have
nonempty payoff, no other player can win. Since player X decides which of the players
Y or Z wins, neither player Y nor Z has awinning strategy (asin proof of Theorem 1.2).

, (Theorem 1.3)

In the games from Theorems 1.1, 1.2 and 1.3, only two players had nonempty payoff.
Also in those games we had a player who could not win (due to having an empty payoff
set) decide the winner through his move, making all other movesirrelevant. One can use
thisto get, for any ordinal x greater than or equa to three, nondetermined «- player

games in which al but one player has nonempty payoff.

Theorem 1.4. Let k beany ordinal >3. There exists anondetermined «- player game.

In fact, for any set E with |E| =« there exists anondetermined «- player game on E with

exactly one move.



Proof. Let x beany ordina >3andlet {g]i<«} DE. Let (X;]i<«) bethesequence
of k players, in order of play, so that the player X, isthefirst player. Let player X,
have empty payoff. If hisfirst moveis e for 2<i <k then player X; wins. Otherwise,
player X, wins. Player X, can make any player other than himself win through his first
move. Therefore, since player X, can’t win, no player can have awinning strategy (by

the argument in Theorem 1.1). , (Theorem 1.4)

A dlight adjustment to the proof of Theorem 1.4 showsthat for any set E, there exists
anondetermined (| E| +1) -player game on E: Again let player X, have empty payoff;
but for 1<i <k, let player X; winiff player X, plays g. Otherwise player X, wins.

In Theorem 1.5, we provide nondetermined « -player games in which all but two
payoff sets are empty. In the nondetermined games of Theorem 1.4, we eliminated
having so many empty payoff sets (only one empty payoff set) but in exchange played on
alarge set (if the number of playersislarge). We next consider the possibility of playing
on asmall set (possibly of size 2) and having “severa” nonempty payoff sets (possibly
O o payesaing amove y

Next we present a generalized proof of nondetermined «- player games for any
ordinal x greater than or equal to three in which we have at |east three players making
relevant moves. The payoff sets are defined by the permutations of the moves made by
three named players from a set of at least two elements. These games have a possibility
of more than one player being able to determine who wins, and that player need not have

an empty payoff.



Theorem 1.5. Let E beany set with |E[> 2 and let « beany ordinal >3. Thereisa

nondetermined «- player game on E in which at least three players each make (at |east)

one move and at least two and not more than 2° players have nonempty payoff sets.

Proof. Pick an arbitrary set E with |E|> 2. We shall describe a game G that depends on

E with « playersin which the number of players with nonempty payoff setsis at least
two but no more than eight. At least three players will each make (at least) one move.
All moves are from the set E. The situation in which two players have nonempty payoff
is handled as a specia (separate) case.

If exactly two players have nonempty payoff, then the proof of Theorem 1.3 givesus
our result. In this case, one of the three players making a move has empty payoff and that
player decides through his move which of the two players with nonempty payoff wins.

By the proof of Theorem 1.3, this gameis not determined. Since the case in which
exactly two players have nonempty payoff is done, we shall assume we have at least three
players with nonempty payoff for the remainder of the proof. The nonempty payoff sets

for this case will be defined after we provide suitable information.
Let <Xi| i <K> be the sequence of « playersin order of play. Sincethere are at |east
three playersto make amove, Oa, B, y suchthat 0<a < f<y <k, and players X, ,

Xz, and X, each make at least one move. Let f(w,), f(yz),and f(z,)) respectively

L If exactly two players have nonempty payoff sets, this theorem can be strengthened (see Theorem 1.3) in
that we only need athird player to make amove (not three players total to make moves).



denote a move of players X, X5, and Xy.2

Let S designate the number of players with nonempty payoff sets. Recall 3<S<8

(and that we have already provided the proof for S=2). Let X, X, XL, Xp,

enumerate those players having nonempty payoff sets, in any order for which p, =« if
X, has nonempty payoff (any order if X, has empty payoff). The nonempty payoff
sets for these players will be defined in terms of sets A, , which we define next. Recall
that |E|= 2 sothat Oa,b0E suchthat a#b.

Let

L =q {Plays f|f(w,) =a0f(y,) =alf(z)=a}
. =q {Plays £|f(w,)=a0f(y,)=alf(z)#a)
2 =q {Plays f| f(w,) =aOf(y,) zalf(z) =2}
plays | f(w,)=aDt(y,) #alf(z,)#a}
plays £ f(w,) zallf(y,)=allf(z)=a)
o= {Plays T F(w,)#alf(y,) =ali(z,) #a)
=y {plays £|f(w,) 2 a0 f(y,)#alf(z) =4
o =o {Plays | f(w,) 2a0f(y,) 2alf(z)#a)

5 T df

A=y |
A= |
A= |
A=
As= |
Aoz |
A= {
Aoz |

In assigning nonempty payoff setsto the S playersin termsof the A, s, consider

twocasess S>5 and S<4:

Casel: If S=>5, then:

) Payoffset(x ) A, for m< S, and

“Where w,, = q,« +a for some q, 0{0,,2K}, where y; = gz« + 3 for some q, 0{0,1,2,K}, and
where z, =g« +y for some q, 0{0,1,2,K} .



(i) Payoff set (Xp )= Aq O A, OL D A,.
Case2: If S<4,then:
(i) Payoff set (Xpm) =A, for m<S-1,and
(i) Payoff set (Xp )= As,0A;OL DA, and
(iii) Payoff set (Xp )= A;0A;OL OA,
In either case, payoff set (Xa ) will be either a subset of
AOAO0A0OA,= {plays f | player X, plays f(w,) =a}
or a subset of
AsOA,OA,OA, ={plays f|player X, plays f(w,)#a} .2
Therefore, if p #a, player X, can make player X lose by playing an appropriate
valuefor f(w,). If player X, hasnonempty payoff, then p, =a (by our definition of

P,

$Claim1l. Oa<k:
Payoff set (X, )0 A, 0A,0A,OA,,or Payoff set (X,) 0 A; OA;OA, 0Ag.
Proof. Pickan a <k .
Claim 1 clearly holds if payoff set (Xa) =0 . Also Claim 1 holds for Case 1-(i) and Case 2-(i), since

payoffset(xp ):Am.
m
In Case 1-(i), S =5 and payof set (X, ) =4 A OL DA, 0 ASOL OA,.

In Case 2:(ii), S <4 and payoff set (X )=y Aq,OL DA, DA, OL DA,.

In Case 2-(il), S <4 and payoff set (X, ) =4 Ay OL 0 A, . (Claim 1)

Since A, 0A,0A,0A, O{plays f| f(w,)=a} and
AgOA;OA, OA; O{plays f| f(w,)#a}, by Claim 1 we get:
Clam2. Oa<k:
Payoff set (X, ) O{plays f | f(w,) = a} or Payoff set (X, ) O{plays f| f(w,)#a}.



payoff set (X, ) =payoff set (X )= A, O {playst | (y5) = f(z,) =4},
and players X ; and X, can make player X, lose by one or both playing anything
different from a. Players other than Xq for 1<| <S have empty payoff and therefore

awayslose. Consequently, no player can have awinning strategy. For readers who

require more details, we prove the following:

Claim. The game G is not determined.

Pick an arbitrary player X; where 0<i <« and pick an arbitrary strategy s for
player X;. Wewill show s isnot awinning strategy, i.e. there exists aplay y
accordingto s such that i/D payoff set (X;).

Casel: Letizp fordl 1<l <S,i.e payoff set (X;)=0".

Let y beaplay according to s . Since X, has empty payoff, y isalossfor player
X;. Therefore, s; isnot awinning strategy.

Case2: Leti=p forsomel<|l<S andi#a. (Recal S=3.)

Recall Xp, Xp,, Xp L, Xp, arethe players with nonempty payoff. Since i # a,
player Xp isdifferent from player X, . By the definition of the payoff sets,

payoff (Xgq) O{playsf|f(w,)=a} orpayoff (Xg)O{playsf|f(w,)#a}.

First, suppose payoff set (X ) Ofplaysf | f(w,) =a}. Let y beaplay according to
Sy inwhich player X, plays f(w,)#a. Theni/D payoff set (X ) and therefore y isa

loss for player Xp . Therefore, Sy isnot awinning strategy for player Xp .



Next, suppose payoff set (X ) O{playsf | f(w,) #a}. Let y beaplay according to
Sy inwhich player X, plays f(w,)=a. Then i/D payoff set (X5 ) and therefore y isa
lossfor player X . Therefore, S; isnot awinning strategy for player Xp .

Consequently, in both cases, since i = p,, S isnot awinning strategy.
Case3: Leti=p ,forsomel<| <S andi=a. (Recal S=3.)

Since o =i=p forsomel<| <S,| =1and a=i= p, by definition of the p, .
Therefore player X, (i.e. X, ) has payoff set A,.

Let y beaplay according to s, inwhich player X ; plays f(y;)# a and/or player
X, plays f(z,)#a. Since A, D{playsf‘ f(ys) =1(z) =a}, i/Dpayoffset(Xa) and
y isaloss for player X, . Therefore, s, isnot awinning strategy for player X, (i.e. s

IS not awinning strategy).

Insummary, s isnot awinning strategy. Since s; isan arbitrary strategy for player

X; and i was arbitrary, the game is not determined. , (Theorem 1.5)

In Theorem 1.5 we had at least three players each making a move in a nondetermined
k- player game played on asmall set (possibly of size 2). In Theorem 1.6 we generalize
anondetermined k- player gamein which there are at least n players each making a move

onasmall set, (wherenis greater than or equal to three), and in which there are at most

2" nonempty payoff sets.
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Theorem 1.6. Let nbeafinite number >3, let x bean ordina > n, and let E be any set

with |E| > 2. Thereisanondetermined «-player game on E in which at least n players

each make (at least) one move and at least two and not more than 2" players have

nonempty payoff sets.

Proof. The proof of this theorem is the same asthat of Theorem 1.5: just replace 3 by n.
We dtill handle the case in which exactly two players have nonempty payoff as a separate

special case, aswe did in Theorem 1.5.

Pick an arbitrary set E with |E| = 2. We shall describe a game G that depends on E

with « playersin which the number of players with nonempty payoff setsis at |east two
but no morethan 2". At least n playerswill each make (at least) one move. All moves
arefrom the set E.

Asindicated in the proof of Theorem 1.5, if exactly two players have nonempty
payoff, then the proof of Theorem 1.3 gives us our result. Inthiscase, since n=3, one
of the n players making a move has empty payoff and that player decides through his
move which of the two players with nonempty payoff wins. By the proof of Theorem
1.3, thisgameis not determined. Since the case in which exactly two players have
nonempty payoff is done, we shall assume we have at |least three players with nonempty
payoff for the remainder of the proof. The nonempty payoff sets for this case will be

defined after we provide suitable information.

Let <Xi| i <K> be the sequence of « playersin order of play. Sincethere are at least

n playersto make amove, j(1), j(2),L , j(n) such that

11



0<j@<j(@<L <j(n-1<j(n) <k, andfor 1<hs<n, player (X, ) makesat least
onemove f(w,).*

Let S designate the number of players with nonempty payoff sets. Recall 3<S<2"
(aswe have already provided the proof for S =2). Let Xp: Xp, Xp L, Xp, enumerate
those players having nonempty payoff sets, in any order for which p, = j(2) if X, has
nonempty payoff (any order if X, has empty payoff). The nonempty payoff sets will
be defined in terms of sets A, , which we define next. Recall that |E|>2 so that
Oa,b0E suchthat a#b. Thereforefor 1<hs<n themove f(w,)of aplayer X,
will beeither f(w,,)=aor f(w,)#a OR=(R, R, RyL ,R )=, #" let

Dr, ={plays f|f(w,y)R.a, f(W)R,a f(Wg)Ral , f(w,)R,3}
={plays f‘ Oh<n f(wj(h))Rha}.

Theset {(=, R, R;, R, L ,R,)| eschR,(2<h<n)iseither = or #} hassize 2"
sothat 2" isthenumber of D g .\ g, INWhich R, is =, solet
Au Ay Ayl AL, enumeratethese D ) g, g, R, S SiMilarly, the set
{(#,R,,R, R,L ,R,)| exthR,(2<h<n)iseither = or #} hassize 2", solet
A A

A L, A, enumeratethese D, g1 Rr,) S

2N lyg? 7o lpr T o0l

In assigning nonempty payoff setsto the S playersintermsof the A, 's, consider

twocasess S=>2"'+1and S<2"?;

* Where w; i, =q;,yn+ j(h) forsome g, 0{0,1,2,K} .
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Casel: If S=2"%+1, then

(i) Payoffset (X, )= A, for m<S, and

(i) Payoffset (X, J=A  OA, OL OA,.
Case2: If S<2™*, then

(i) Payoffset (X, )= A, for msS-1,and

(i) Payoffset (X, )=A,, OA OL DA, and

(iii) Payoff set (X, )= A, OA

A

OL DA,
In either case, payoff set (X, ) will be either

(a) asubsetof A OL OA D{plays f| player X,y plays f () :a}
or

(b) asubsetof A, OL OA, D{plays f | player X ;) plays f(Wj(l))ia} 5

®Claim1. Oa<k:
Payoff set (X,) O A; DA, 0L DA, orPayoff set (X,) 0 A
Proof. Pickan a <k .
Claim 1 clearly holds if payoff set (Xg) =0 . Also Claim 1 holds for Case 1-(i) and Case 2-(ii) since

OA OL OA,,.

2"y 2"142

payoff set (XP ) =A
m

m*

.y _ n-1
In Case 1-(ii), payoff set (XPs) =g AS oL o A2n 0 Azn_l+l|]L O Aznfor S22 "+1.

o _ n-1
In Case 2-(ii), payoff set (x,,s_l)_df A OLOA OA OA,DOLOA, fors<2™

S-1

In Case 2-(iii), payoff set (XF’s ) =4 A OA ) oL Od Azn. , (Clam1)

2"y oty
since A, DA, OL DA {plays f | f(w,y) = a} and
Ay, OA ., OL OA O {pays f|f(wy)#a}, by Claim 1 we get:
Clam2. Oa<«k:

Payoff set (X,) O {plays f | f (W) = a} or Payoff set (X,) O {plays f | f(w;)) # a} :

13



Therefore, if p # j(1), player X, canmakeplayer X, loseby playing an appropriate

vauefor f(w,,): f(w,,)#aincase(dor f(w,,)=aincase(b) If player X,, has

o
nonempty payoff, then p, = j(2) (by our definition of p,),
payoff set(X J.(1)) = payoff set (X pl) =
A, O{plays f| esch R, (2<h<n)is =} .
Therefore, payoff set (X, ) D{plays FIf W) = F(Wp) =L = F(W,) = a} so that
any player X, for 2<h<n can make player X, lose by playing anything different
froma. Playersother than X, for 1<| <S have empty payoff and therefore always

lose. Consequently, no player can have awinning strategy. For readers who require

more details we prove the following:

Claim. The game G is not determined.

Pick an arbitrary player X; where 0<i <« and pick an arbitrary strategy s for
player X;. Wewill show s isnot awinning strategy, i.e. there exists a play y
according to s such that ¥ payoff set (X;).

Casel: Letiz p foral 1<l <S,i.e payoff set (X;)=0.

Let y beaplay according to s . Since X; has empty payoff, y isalossfor player

X;. Therefore, s isnot awinning strategy.

Case2: Leti=p forsomel<| <Sand iz j(1). (Recal S=3.)

14



Recal X, ,X,, X, L, X, aretheplayerswith nonempty payoff. Since i # j(1),

player X, isdifferent from player X, . By the definition of the payoff sets,
payoff (XH ) O {playsf ‘ f(w,y) = a} or payoff(Xlk) O {playsf ‘ f(w,y,)# a} .
First, suppose payoff set (XH ) D{playsf ‘ f (W) :a} . Let y beaplay according

to s, inwhich player X, plays f(w,,)#a. Then {/Dpayoffset (Xﬁ) and

i@
therefore v isaloss for player X, - Therefore, s, isnot awinning strategy for player.
XM :

Next, suppose payoff set (Xn ) D{playsf ‘ f(w,y,)# a} . Let y beaplay according
to s, inwhichplayer X, plays f(w,,)=a. Then {/Dpayoff set (Xﬂ) and therefore
y isalossfor player X, - Therefore, s, isnot awinning strategy for player X, .

Consequently, in both cases, since i = p,, S isnot awinning strategy.

Case3: Leti=p forsomel<| <S andi=j(1). (Recal S=3.)
Since j() =i=p, forsomel<| <S,| =1and j(1) =i = p, by the definition of the

p . Thereforeplayer X, (i.e. X, ) has payoff set A,.

i
Let y beaplay according to S, Inwhichany player X, for 2<h<n plays
f(w,) #a. Since
A, O plays f| f (W) = f (W) = f (W) =L = f(w,) =4},

then S/Dpayoff set (X)) and y isalossfor player X,a- Therefore, s, isnota

winning strategy (i.e. s; isnot awinning strategy).

15



Insummary, s isnot awinning strategy. Since s; isan arbitrary strategy for player

X; and i was arbitrary, the game is not determined. , (Theorem 1.6)
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CHAPTER 2

DETERMINANCY OF A THREE-PLAYER BIASED

GAME: A WARM-UP

Chapter 2 consists of two subsections, Section 2.1 and Section 2.2. In Section 2.1 we
review standard material that will be used later in Section 2.2.

In Section 2.1 we review a proof of the determinacy of two-player open games. The
proof we review involves ordinals of a position. We shall need the notion of an ordinal
of a position to define our three-player biased open games. We shall also need the
standard techniques involving ordinals of a position to prove determinacy for certain
biased games introduced in Section 2.2 and Chapter 3.

In Section 2.2, we make our first attempt at proving the determinacy of certain three-
player biased open games. We generalize our determinacy result of Section 2.2 in
Chapter 3. A main differencein the gamesin Section 2.2 and Chapter 3 isthat one of the
players has empty payoff set. In Section 2.2 we introduce the concept of a player “not
helping” another player. In this game the player with the empty payoff set is not allowed

to help the player with the open payoff set.
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Section 2.1
Suppose thereis a set of positions that player | “should find desirable” to reach,
whereas player 11 finds these positions “undesirable’.> We shall show in Theorem 2.1
that there is a particular property about the empty position ( ) such that:
0 Player | has astrategy to reach one of the desirable positions when this property
holdsfor ( ).
o0 Player Il hasastrategy to avoid all of these positions desirable for player | when
this property failsfor { ).

We now build up to defining this property.

Definition 2.1. Definition of ordinas of a position in two-player games.
Let D beacollection of positions.? We assign certain positions an ordinal value with
respect to D asfollows:

(i) A position p has OrRD,0 (ordinal zero with respect to D) iff p extends some
positionin D (possibly pOD),

.. I .

(“) p:(aO’ ai’K ’ a2n—2’ a2n—l) has ORDDIB iff

F (2n) = a,, [ P (f (2n)) hasoro, < ],

! Such aset of positions occurs when we consider open games. |f A is open, then there exists positions
[r)l, ;r)z, {)S,K such that:
fOAffOp OF.
Player | wins the open game A exactly in the case in which one of the p, ’s has been reached. If both
players wish to win the game A, then player | would find reaching one of the p.’s desirable, whereas
player 11 would find this undesirable (as reaching such a p. resultsinawinfor | and alossfor I1). Another

example of this occurs when we consider the collection of positions p, at which player | has awinning

strategy for the remainder of the game B (even if B is not open).
2 Possibly these are positions player | finds desirable.
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(i) P=(ay &K, 2, a,) has ORD, iff
Of (20 +1) = &,.,[ P ( f(2n+1) hasoro, < A].
Let pOORD, A iff p hasordinal B withrespecttoD. Let pJORD, iff pJORD,/
for someordinal 3. Alsolet ORD, (p) 1 (read: ordinal of p converges) iff pORD, .
Let ORD, () 1 (read: ordinal of p diverges) iff pOIORD,. ,
Typically we drop the D in ORD, and ORD, /S, as D will be clear from the context.

Thefollowing is clear from the definition of ORD,0.

Fact 2.2. If the orRD, (&, & K , a4, &,) ! and ORD, (3, a,K , a,, &,) =0, then

any position that extends (a,, &K , a,,,, a,) aso has OrRD,0. , (Fact2.2)

Theorem 2.3. Let D be acollection of positions. If ( )[JORD,, then player | has a
strategy to reach a position (in any two-player game) which has OrRD,0 and therefore a
position in D is reached when player | followsthis strategy. If ( ) JORD,, then player Il

has a strategy to keep al positions from having an ordina and in particular from beingin

D so that any play according to this strategy is not in the open set generated by D.

Proof. Let D be acollection of positionsin the game:

G:Iao % La2n L

l l ai a3 a2n+1
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Case 1. Suppose ( YLJORD,.

In this case we show there exists a strategy for player | so that a position which has

ORD,0 isreached. Define astrategy for player | asfollows:®

Let S(ao, a11K ’ azn—Z’ aZn—l) =

the i a,, if [x=a,,

[ORD,, (8y, 8K, 8y, X) 4

and ORDy, (8,, a,K , 8y, 5, 4) !,
and ORD,, (8, a,K , 8,4, X)

< ORD,, (ao' a,K, &, 82n_1):|,

8 otherwisg, i.e. .
DX[ORDD (a(), a11K ’ a2n—2’ a2n—1) T’
Or ORD,, (&g, 8,K , a4, X) 1,

or ORD, (ao, a,K,a,,, a2n—1)l
and ORD,, (&, a,.,K , 8,4, X) |

and ORDD (a01 a:|_1K ’ a2n—2’ a2n—l)

< ORD, (ao, a,K, a,, X)]

Let (8, &K, a,,, a,K ) bealega (infinite) play according to s. We shall show

[ oRD, (2, 2,K , @, a,) + ad ORD, (&, &K , a,,, 3,)=0].

Claim 1. OnDe| ORD, (&, &,K , a,4, a,) 1 and either

ORD,, (8, &,K , &, &,)=0 or

ORDy, (8, &,K , 8,4, &,) R, ORDy (&, &K , &, a,,) where

® In our definition of s below, we abbreviate “ the least i” by “ £i ”. Itis standard in mathematical logic to

use u for “theleast”.
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n

< if niseven,
< ifnisodd |

Considering the two cases “niseven” or “nisodd’, we show by induction that Claim
1 holds. Fix nOw. Wefirst notethat orRD, (a,, &K , a,,, a,,) | : thisfollows by

the Induction Hypothesis when n>1 and otherwise by the assumption of Case 1 that
( YOORD,. Let y=0RD, (&, &K, a_,, a,,).
Sub-case 1.1. niseven,i.e. n=2k for some k=0.
Show that ORDy, (), &,K , 8, &) ! and either
ORDy, (8, &,K , @y, ay ) =0 or
ORD,, (8, &K , 8y, ) <ORDp (g, K, 8ycsy @)
Recall ORD,, (8y, &,K , 8y 8y) ! and y=0RD, (8, a,K , 8y_pr ayy). If
y =0, thenby Fact 2.2 Ox (a,, &,K , a,_,, X) hasordina zero; in particular,
ORD, (8, &K , .y, &, ) ¢ andiszero. If y>0, then by the definition of ORD,,,
[X ORD,, (8, &K , 8y, X) ! and
ORDy, (g, &K , 8y, X) <ORD, (&, &K, By, 8y
By the definition of s, ORD,, (a,, a,K , 8, &, ) ! and

<ORD,, (@, &,K , 8y, 3y) since (a,, a,K , a,, &, ) isaccordingtos.
Sub-case 1.2. nisodd, i.e. n=2k+1 for some k=0.

Show that the ORD,, (@, &K , &y, a,.,) ! andeither

ORD,, (ay, &K | @y, 8y,y) =0 Or
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ORDy, (@, 8,K | @y, 8y.) SORD, (8, 8,K | 8y, 8y ).
Recall ORD, (&, a,K , &, &) ! and y=0RD, (3, a,K , 3, 3y)-
By the definition of ORD,,

X ORDy, (8, &,K , @y, X) ¢ andis <ORD, (8, &K , 8y, 3y )=V,
regardless of whether y=0 or y>0. Inpartticular ORD,, (8,, a,K , 8y, 8y, ) ! andis
< ORDy, (8, &K , By, ay)-

So by Sub-cases 1.1 and 1.2 we have ORD,, (a,, &K , &, &,) ! and Claim 1 holds

for our fixed n. Thus, Claim 1 has been shown by induction. , (Claim1)

By Claim 1, if ORD,, (8, &K , @y, &, ) %0, then
ORD, (8, &K\ 8y, 8y)
<ORD (8, &K | Bezr Bys) SORD, (81 ALK | Byay Bcs)-
Henceif ORD, (a,, &K , @y, &, ) %0, then ORD,, (8, &K , @, 5, a_,)#0 and
ORDy, (g, &.K , @51, @) <ORDp (8, &K, sy Byis)
<ORDy, (8, &,K , 85, yq) <L <ORD, ().
Thereforeif Ok ORD,, (8, &K , @y, 8, )#0, then
ORDy, (3) > ORD, (2, &, @) >L

> ORDy, (8, &,K , 8y, ) > ORD, (8, 8K, By, Byiez) >L
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which gives an infinite decreasing sequence of ordinals. Since a decreasing sequence of

ordinals must be finite, Ck ORD,, (&, a,K , &,_,, &, )=0. By thedefinition of ORD,0

O<2k (a, a,K,a,, a)0D. , (Casel)
Case 2: Suppose ( Y)LJORD, .

In this case we show there exists a strategy for player |1 such that al positions do not

have an ordinal. Define astrategy for player 11 asfollows:

the i/ a,,,, such that

ORDD (aoy al,K ' aZn’ a2n+1)T’
La S(a(), a11K ' a2n—l’ a2n):
8 otherwise,

if thereisno such a,,,,,.

Let (8, &,K , a,,, &,K ) bealega (infinite) play according tos.

Claim2. OnOw(a, &K, a,,, a,)00RD,.
We show by induction that Claim 2 holds. So fix nLJw. Note that

(2, &K, a,,, &,,)00RD, (%)
as this follows by the Induction Hypothesiswhen n—-10¥ and otherwise by the

assumption of Case 2 that ( ) JORD,. From this, we are to show
(a, a,K , a,,, a,)OORD, (followsfrom (=)). Instead we shall show the
contrapositive: we assume (a,, &,K , a,, &,) JORD, and show

(8% &K , &, &.)0ORD,. Let y=0RD, (8, &K, &, &)

Sub-case2.1. niseven,i.e. n=2k for some k=>0.

23



Since ORD,, (8, a,K , 8., &, )=V, by the definition of OrRD,,

ORDy, (8, @K , 8z, ) ! and equals y+1.
Sub-case 2.2. nisodd, i.e. n=2k+1 for some k>0.
Since ORD, (8, &,K , &y, 8yg) ¢ and (ay, 8,K , &, ay.,) isplayed

accordingto's, Ox ORD, (&, a,K , a,, X) | . Let 5:suxp[ORDD(ao, a.K, a,, x)].

Since ORD,, (a,, a,K , a,, X) < d for every x, by the definition of orRD,,,
ORD, (8, &,K , ay.,, &, ) ! andequals &.

So by Sub-cases 1.1 and 2.2 we have shown ORD,, (&, &,K , a,_,, &,,) | follows
from orRD, (&, a,K , &, &,) ¢ for our fixed n. Since ORD,, (a,, &K , a,_,, &)1,

ORD, (3, &.,K , a,4, &,) 1. Thus, Claim 2 has been shown by induction. , (Claim 2)

Conseguently, if ( YOJORD, and ¥ =(a,, a,K , a,,, a,K ) isaplay accordingtos,
then On (a,, a,K , a,,, &,)0ORD, andin paticular On (a,, a,K , a,,, a,)0D so

that the play Y isnot in the open set generated by D. , (Case 2 and Theorem 2.3)

In Corollary 2.7 below, we note that the determinacy of certain types of games, open
two-player games (defined below in Definition 2.6), immediately follows from Theorem

2.3.
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Definition 2.4. Definition of an open set.

Let D beaset of positions. Define O(D) =, {play f | Oposition bOID suchthat p [ f},
i.e. O(D) consists exactly of those plays which extend some positionin D. A set A of
playsis called open exactly when A=0(D) for some set D of positions; in this case, we

say that D generates the open set A. ,

Definition 2.5. Definition of a game being open for a player.

Let G beagamewith « = 2 players® and let X be one of the players. We say that G
is open for player X iff the payoff set for player X isopen, i.e.[] set D of positions such
that the payoff set for player X consists exactly of those plays which extend some

positionin D. ,

Definition 2.6. Definition of an open game.
A two-player game G is open iff it is open for player I, i.e. the payoff set A for player

| is open. ,

In Theorem 2.3, (above) we showed that either player | has astrategy s, to get into
D, or player Il has astrategy s, to stay out of D (depending on whether ( ) JORD, or
( YOORD,). If Aisthe open set generated by D, then the strategy s, naturally leadsto a

winning strategy for the game G, so that the following holds:

4 k= 2isanordinal.
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Corollary 2.7. Every two-player open game is determined. Moreover:
(i) Player | hasawinning strategy for atwo-player open game A exactly when

( YOORD,, for some (any) D that generates A.

(i) Player Il has awinning strategy for atwo-player open game A exactly when

( YOORD,, for some (any) D that generates A.°

Proof. Let G be an open game, i.e. there exist finite sequences II01 bz, b3,K such that:
fOAIffOpP Of. (%)

Then { |5,+1| iOa} generates A, Let D beany set that generates A. We show that one of

the players has awinning strategy for the game G by considering the cases ( )[JORD,,

and { YOOORD,,.

Case 1: Suppose ( )LJORD,.

In this case, we show that player | has awinning strategy for the game G. By

Theorem 2.3, player | has a strategy sto reach aposition p with ordinal zero. Let o be

the strategy in which player | plays according to s until he reaches such a p, and then he
plays randomly. If {/:(yo, Y yz,K) isaplay according to o, then:
(Yo, ¥.K , Yo, ,) hasordinal zero.

By the definition of ORD,0, Ci <n (Y,, Vi, Yool , Vi, ¥, )OD. By (*) YOA and

®1f ( yOorp, (respectively ( ) oRD, ) for some D that generates A, then ( ) JORD, (respectively
( YOorp, ) for al D that generate A.
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thereforeisawin for player I. Consequently, o isawinning strategy for player | if

( YOORD,.
Case 2: Suppose ( )[JORD,,.

In this case, we show that player || has awinning strategy for the game G. By

Theorem 2.3, player |l has astrategy s to keep al positions according to s from being in
D. Therefore, if {/:(yo, Y VoL ) isaplay according to s, then

0N (Yoo Yo Yool + Yoas ¥, ) O D therefore by (*), yO A and isawin for player 1.
Consequently, if ( )[JORD,, then sisawinning strategy for player I1.

Thus, either player | or player 11 has awinning strategy in the game G so that G is

determined. , (Corollary 2.7)

We lastly note that if ( ) [JORD, (respectively ( )[JORD,) for some D that generates
A, then ( YJORD,, (respectively ( )[JORD,) for all D that generates A. Otherwise,
( YOORD, and ( yLJORD, for some D and E that generate A. Since ( ) JORD,, player
| has awinning strategy for the game A, and since ( ) JORD., player Il has awinning

strategy for the game G. Playing | and I’ s strategy against one another leads to a play

that is both in and outside of A, a contradiction.

27



Section 2.2
Consider athree-player game with an empty payoff set assigned to player |11 and an

open payoff set assigned to player I. We know such games are not determined.

However, with appropriate restrictions on player 11 we shall show such games with these

restrictions are determined. The appropriate restrictions on player 111 require that player
[l “not help” player 1. The definition of “not helping” is somewhat technical and will

require the definition of ordinals of aposition. Thiswill be defined shortly.
We first define OrRD™ , the ordinals of positions for player | in three-player games

with respect to D.

Definition 2.8. Definition of ordinals of a position for three-player games.
Let D be acollection of positions. We assign certain positions an ordinal value with

respect to D asfollows:
() pOOoRD0 iff [OD (40 P),
(i) p=(8 &K, 8y ay,,)JORDS iff
0 (3n) = a,, | 0 (f(3n)) hasorp® < B],
(i) p=(a, &K, a,,, a,)00RDA iff
Of (3n+1) = a,.,[ P ( f(3n+1) hasorDi® < 8.

(iv) P=(a, aK, a,, a,,)0ORDS iff

Of (3n+2) = a,,.,[ P (f(31+2)) hasorpi® < 3]
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Let |5DORD,3'D,8 iff p hasordinal B with respect to player | in athree-player game
generated by the set D. Let pJORD?® iff pLIORD*®A for someordina 3. Also let
ORDf'D(E))l (read: ordinal of p converges) iff (|ro)DORD|3'D. Let ORDf'D(E))T (read:
ordinal of p diverges) iff (p)ORD®.

Typicaly we drop the 3 and D in the superscript and the | in the subscript as these are

clear from the context.

Thefollowing is clear from the definition of ORD>0.

Fact 2.9. If the orD}® (&, &K , &, &,) ! and orRD® (a,, a,K , &, &,) =0, then

any position that extends (a,, a,,K , a,,,, a,) aso has OrRD;"0. , (Fact 2.9)

Next we define a player “not helping” player | in three-player games in which player

| has an open payoff set.

Definition 2.10. Definition of player 11 not helping player | with respect to D, denoted

byIIID/’P%PCL/I.

A three-player game G satisfies |11 O 2 | (read: 111 doesn’t help | with respect to

D) iff the following holds:
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If p=(ay aK , a,, a,,)JORD}® andif [,,, suchthat p’(x,,,,) JORD®,

then in the game G player 111 can only play a,.,, suchthat p’ (ay,,,) JORD?® °

If G satisfies |1l J71 and p=(a, &K, a,, a,,) JORD}", then player I1|
must play amove a,,,, that keeps the position |ro) (a.,) out of ORD® whenever
possible, i.e. whenever x, ., p’ (Xsne2) JORDI® . We next prove that such amove a,,,,

dways exigtsif pO ORD?® so that we can drop the “whenever possible’ condition from

Definition 2.10.

Proposition 2.11. Let D be acollection of positions. If

IB:(aO, a. K, a,, a,,)00RD, then [X,,, such that |5) (X3 ) JORDS®..

Proof. Proof by contraposition. Suppose Ox ORD; (a,, &K , @,,,, X) | . Let

y:suxp[ORDls’D(ao, a,K , a,,.,, x)]. By the definition of orRD}®,

ORD}® (ay, a,K , &, &, ) andis=y. , (Proposition 2.11)

Therefore, if (ay, a,K , @, &,.,)JORD’®, thenthereisan Xx,,, such that

(89, @,K , Bgys Xnsp) JORDP® . Hence, in any game that satisfies III;’%@I :

® In Chapter 3 we give the obvious generalizations of Definitions 2.8 and 2.10.
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whenever (a,, a,K , &, &,,,) JORD’®, player 111 actually must play a,,,, such that

(80, 8K, By, 8,,) JORDY®.

Theorem 2.12. Let D be acollection of positions. If { )[JORD?®, then player | hasa
strategy to reach a position which has ORD>"0 in every three-player game and therefore

aposition in D is reached when player | followsthis strategy. If ( )JORD>® and Gisa

three-player game that satisfies III%%I , then player |1 has a strategy to keep all

positions from having an ORD?® in the game G and in particular from beingin D so that

any play according to this strategy is not in the open set generated by D.

Proof. Let D be acollection of positionsin the game:

I g 8 &,
Gl a a, L A0y L .
I & S Anez

Case 1: Suppose { )[JORD?®.

Show there exists a strategy for player | so that a position which has ORD O is
reached.” We construct a strategy here for player | analogous to our construction (in the
two-player game) for player | in Theorem 2.3. Namely, player | plays “to strictly lower
the ordinal values’ of positions until a position with ordinal value zero isreached. Define

astrategy for player | asfollows:

" We suppress the superscripts 3 and D which indicate this is a three-player game with respect to D; and the
subscript | which indicates player | has the assigned ordinals of position for this game.
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the i a,, if x=a,,

[ ORD(ay, &K , ay,,, X) I

and ORD (&), &K , 8,5, 8,4) !
and ORD(a,, &K , a,,, X)
<ORD(ay, &K , 8y, a,,) ],

Let s(ay, &K , @, &,.,)=180therwise, i.e.

Ox[ORD (8, a,K , 854, X) 1,
or ORD (&, &,K , &y, 5, 8y,,) 1,
or ORD (&, &,K , &y, 5, 8y, ¢
and ORD (&, &K , &, 4, X) |
and ORD (a,, &K , 8, ,, 8,1
<ORD(ay, &K , &, X)].

Let (8, &K , a,,, a,K ) bealega play accordingtos. We will show

Eh[ORD(aO, aK,a_, a)ladord(a, a.K,a,, an)zo]-

Claim 1. OnOw[ORD(a,, a,K , a,,, &,) | and either
ORD 8y, &K , 8,4, &,)=0or
ORD(a,, &K , a,,, a,) R, ORD(a,, a,K , a,_,, a,,) where

n

_|<ifn=3l, for somel
"< ifnz3, forall

Consideringthecases“n=31",“n=3+1",“n=3 + 2" we show by induction that
Claim 1 holds. Fix nOw. Wefirst notethat ORD(a,, a,K , a,_,, a,,) ¢ : thisfollows

by the Induction Hypothesiswhen n>1 and otherwise by the assumption of Case 1 that

( YOORD. Let y=0RD(a,, &, a,.L , a,,, &)
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Sub-case1.1. n=3k forsome k=0.
Show that ORD (&, a,K , 8., &, ) ! and either
ORD(ay, &,K , @y, &) =0 or
ORD (8, &K , 81, 8y ) <ORD (3, &K , &gz Bgea) -
Recall ORD(ay, &,K , 8y ,, 3.,) ! and y=0RD(a,, a,K , ay_,, 3y,). If y=0,
then by Fact 2.9 Ox (a,, &K , a,,, x) hasordinal zero; in particular,
ORD(a,, a,K , &, 8, ) ! andiszero. If y>0, then by the definition of ORD,
[X ORD (8, a,K , ay, X) | and
ORD (8, &,K , 8y, X) <ORD(ay, a,K , &y, Agy)-
By the definition of s, ORD (a,, a&,K , 8y, &) ! and <ORD(a,, a,K , 85, ay)
since (a,, a,K , &, &, ) isaccordingtos.
Sub-case 1.2. n=3k+1 forsome k=0.
Show that the ORD(a,, &K , @y, &,,,) ! andeither
ORD (&, a,K , ay, @y, )=0 or
ORD(ay, &,K , @y, @y, ) SORD(3y, &K , 8y, ).
Recall ORD(a,, a,K , @y, a;) ! ad y=0RD(a,, &K , 8y, 3, ). By the
definition of ORD,
[Ox ORD(a,, &,K , @y, X) | andis <ORD(a,, a,K , 8y, 3 )=V,

regardless of whether y=0 or y>0. Inparticular ORD(a,, a,K , &, a,,)! andis

< ORD(8y, &K , gy, ).
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Sub-case 1.3. n=3k+2 for some k=>0.

By the “same” argument just presented in Sub-case (2), we show that
ORD(y, &,K , @y, ay,,) ! and either
ORD(ay, &K , @y, @,,)=0 or
ORD (8, &K , g1, Bgeez) SORD (8, @K | Byr B -

Recall ORD(ay, &K , 8y, 8,,;) ! ad y=0RD(&, &K, ay, &)  Bythe

definition of ORD,

OX ORD (&, a,K , ., X) ¢ andis <ORD(&,, &,K , @y, ay..) =V
regardless of whether y=0 or y>0. Inpaticular ORD(a,, &,K , y,, &,,) ! andis
<ORD(ay, &,K , 8y, ayu)-

So by Sub-cases 1.1, 1.2, and 1.3, we have ORD(a,, &K , a,,, &,) ! andClaim1

holds for our fixed n. Thus, Claim 1 has been shown by induction. , (Claim1)

By Claim 1, if OrRD(a,, &,K , @y, a ) #0, then

ORD (&, a,K , 3y, 8y ) <ORD(&y, &,K , ay_,, 3yy)
< ORD(, &K , 85, By,) SORD(B, 8K , gy Bys).
Henceif OrRD(a,, &K , 8, &) %0, then
ORD (&, a,K , 3y_,, ay_,)#0 and
ORD (8, &K , 8, &) <ORD(&, &K , 8y, ay.s)

<ORD(ay, &,K , @y, @) <L <ORD(a,).



Thereforeif Ok ORD (&, &,K , @y, &,)# 0, then orRD(a,) > ORD(a,, &, a,, a,)

>L >ORD(ay, a,K , 8y, ay) >ORD(a,a,K , 8y,,, a,;)>L whichgivesan
infinite decreasing sequence of ordinals. Since a decreasing sequence of ordinals must be
finite, Ck ORD(a,, &,K , @y, 3 )=0. By the definition of ordinal zero,
0 <3k (a, a.,K,a,, &)0D. , (Casel)
Case 2: Suppose ( )LJORD.

In this case we show there exists a strategy for player 11 such that all positions do not
have an ordinal. Define astrategy for player 11 asfollows:

the i/ a,,,, such that
ORD(aoy al!K ’ aSn’ a‘3n+l)T’
Lets(ay, a,K , &, &,)=
8 otherwise,

if thereisno such a,,,.

Let (a,, a.K , a,,, a,,K ) bealegd, infinite play according to s.

Claim2. OnOw(a,, &K, &, a,)JORD.
We show by induction that Claim 2 holds. So fix nJw. Note that
(8. a.K , a,,, a,,)00RD  (¥)

asthis follows by the Induction Hypothesiswhen n—-10¥ and otherwise by the

assumption of Case 2 that ( y[LJORD. From this, we are to show
(8, &,K , a,,, a,)00RD followsfrom (7). Inthe first two sub-cases below, n =3k

or n=3k+1, weinstead shall show the contrapositive: we assume
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(8, &K , a,,, a,)OORD, let y=0RD(a,, a.,K , &, a,), and show

(3%, @K, &, a,)00RD.
Sub-case2.1. n=3k forsome k=>0.

Since ORD (@, &K , 8, &) =y, by the definition of ORD,

ORD(ay, &K , @y, a5, ) ! andequals y+1.
Sub-case2.2. n=3k+1 forsome k=>0.
Since ORD (&, &K , &y, &y.,) ! and (a, a,K , &y, &) isplayed

accordingtos, Ox (a,, a,K , &, X) | . Let 5:suxp[ORD(a0, a,K, 8y, X)]. Since

ORD(a,, a,K , a,_,, X) <0 for every x, by the definition of oRD,

ORD(a,, &K , ay_,, a,) ! andequals J.
Sub-case2.3. n=3k+2 for some k=>0.

Here we directly show (a,, a,,K , a,_;, &,)JORD follows from (=).
Recall (1), i.e (&, a,K , a, ) JORD. Since III;@%I , by Proposition
2.11, player |11 playsalegal move a,,, suchthat (a,, a,K , @y, ay.,) JORD.

So by Sub-cases 2.1, 2.2 and 2.3, we have shown (a,, a,K , a,,, a,) JORD follows

from (=) for our fixed n. Thus Claim 2 has been shown by induction. , (Clam2)

Consequently, if ( YOJORD and {/:(ao, aK,a,., a,K)isaplay accordingtos,
then On (a,, a,K , a,,, &,)JORD and in particular On (&, &,K , a,,, a,)0D 0

that the play Yy isnot in the open set generated by D. , (Case2and Theorem 2.12)
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By Theorem 2.12, in any three-player game which satisfies III;*%‘T_L/I , either
player | has astrategy s, to getinto D or player Il hasastrategy s, to stay out of D
(depending on whether ( )JORD?® or ( YOJORD®"). The strategy s, naturally leadsto
awinning strategy for any three-player game in which III;’%‘@/I , O(D) isplayer!'s

payoff set, and in which player I11 has empty payoff.

Corollary 2.13. Every three-player game, which is open for player |, which satisfies
III;@‘E/I for some D that generates player I's payoff set, and in which player |11 has

empty payoff, is determined. Moreover:
()  Inany three-player game G in which player | has an open payoff set A Player |
has awinning strategy for G exactly when ( Y[JORD>" for some (any) D that

generates A2

(i)  Inany three-player game G in which player 111 has empty payoff,

III@%%I , and in which O(D) isplayer I's payoff set, player || hasa

winning strategy for the game G exactly when ( YJORD>".

Proof. Let G be an open game which satisfies III;’%‘@/I for some D that generates A

and in which player |11 has empty payoff. We show that either player | or player |l hasa

winning strategy for the game G by considering the cases ( ) JORD?® and ( )JORD>".

®1f ( YO OoRD;™ (respectively ( )JorD™” ) for some D that generates A, then ( ) JORD:" (respectively
( YO orD.®) for dl D that generate A.
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Casel: ( YOORD™.

In this case, we show that player | has awinning strategy for the game G by exactly
the same proof presented in Case 1 of Corollary 2.7. By Theorem 2.12, player | has a

strategy sto reach aposition p with ordinal zero. Let o bethe strategy in which player

| plays according to s until he reaches such a p, and then he plays randomly. If
{/:(yo, Y., ¥,,K ) isaplay according to o, then:
M (Yo, Vi.K | Yo, V) hasordinal zero.

By the definition of ORD*®0, i <n (y,, ¥,,K , ¥, ¥, )OD. Thereforesince D
generates the open set A, YO A and isawin for player |. Consequently, o isawinning
strategy for player | if ( Y)(JORD?®.
Case 2: Suppose { )[JORD?®.

In this case, we show that player 11 has awinning strategy for the game A. Since
III;@@I , by Theorem 2.12, player |l has a strategy sto keep all positions according
tosfrombeinginD. Therefore, if {/:(yo, Vi, Y,,K ) isaplay according to s, then
0N (Yo, Y2.K , Yoy ¥,)OD: Therefore, since D generates the open set A, YA so that
y isnot awin for player I. Since Il has empty payoff Yy isawin for player II.
Consequently, if ( YOJORD>, then sis awinning strategy for player II.

Thus, either player | or player |1 has awinning strategy in the game A so that Ais

determined. , (Corollary 2.13)

The proofs of Theorem 2.12 and Corollary 2.13 easily generalize to give:

38



Corollary 2.14. Every k -player game with players X and Y, in which player X has open
payoff set O(D) and inwhich Z;’%‘Dﬁ/x and player Z has empty payoff for any player

Z different from X and Y, is determined. , (Corollary 2.14)
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CHAPTER 3

DETERMINACY OF A THREE-PLAYER
BIASED GAME

In Chapter 3 we prove the main result of thisthesis. In Section 2.2 we proved the
determinacy of three-player biased open games with one open and one empty payoff set
in which the player with the empty payoff set can’t help the player with the open payoff
set. Inthis section, we alow the player with the empty payoff set to have a nonempty
payoff set, but to obtain determinacy two of the players will have open payoff sets and
we shall add additional non-helping conditions stating that these two players cannot help
each other.

Consider athree-player game with open payoff sets assigned to player | and player II.
We know such games are not determined from Chapter 1 (see Theorem 1.1). However,
with appropriate restrictions on the game tree and appropriate restrictions on the players
“not helping” their opponents, we shall show games with these restrictions are
determined. We introduced the concept of a player “not helping” his opponent in Section
2.2. Inthis section we expand upon our definition of “not helping” and upon the
definition of ordinals of a position.

First let us note that the definition of ordinals of a position for player | in athree-
player game as defined in Definition 2.8 (see Section 2.2) will not change for the three-

player games considered in this section. The definition of ordinals of a position for
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player X in a «- player game® is similar to the definition of ordinals of a position for

player | in Definition 2.8. At thistime we generalize Definition 2.8 for athree player
game to define ORD%”, the ordinals of positions for aplayer X in a «- player game with

respect to aset D of positions.

Definition 3.1. Definition of ordinas of aposition for «-player games.
Let D be acollection of positionsin a x- player game. We assign certain positions an

ordinal value for player X with respect to D asfollows:

() Letushave pOORDAP0iff (0D §O p,
(i) If the next move following position p belongsto player X, then |roDORD§'D,B
iff Cm| p(m) has orRDX® <B],
(i) If the next move following position p doesn’t belong to player X, then
I KDy r) KD
pOoRD® B iff Om| p’(m) has oRDY® < B].
I . 1 . . .
Let pOoORDL®B iff p hasordinal S with respect to D and for player X in «-player
games. Let pOORDX® iff pOORDX® A for someordina S3. Also let ORD’;'D(E))l
(read: ordinal of p converges) iff pOORD®. Let ORD,’(’D(E)T (read: ordinal of p

diverges) iff pOJORDX®. . (Definition 3.1)

Thefollowing fact is clear from the definition of ORD™® for a «- player gamein

which we assigned certain positions an ordinal value for player X with respect to aset D

! kisanordina suchthat « = 3.

41



of positions. Thisfact isageneraization of Fact 2.9 in Section 2.2 from athree-player

gameto a k- player game.

Fact 3.2. If the orDY® (a,, a,K , a,,, a&,) ¢ and orRDL" (a,, a,K , a,,, a,) =0, then

any position that extends (a,, a,,K , a,,,, a,) aso has orRDL"0. , (Fact3.2)

By the same proof asthat of Case 1 of Theorem 2.12, we have:

Lemma 3.3. Let D beacollection of positions. If { ) JORD%®, then player X has a

strategy to reach a position which has ORD%°0 in every «- player game and therefore a
position in D isreached when player X follows this strategy. More generaly, if

pO ORD% ™, then player X has astrategy at p to reach aposition which has ORDX0 in
every k- player game; therefore a position in D is reached if the position E)D ORD%® is

reached and player X follows the above strategy.

Proof. (An outline of the proof). Let D be acollection of positions. Asin Theorem

2.12, Case 1, player X plays moves that “strictly lower the ordinal value” of positions

until a position with ordinal value zero is reached. By the definition of ORDS™®, any
move by any player other than X cannot take a positionin ORD%™® to a position outside

ORD%"®, or to aposition with higher ORD°-value. Consequently, since a decreasing

sequence of ordinals must be finite, thereisaposition p with an ordinal value of zero,
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and by the definition of ORDX°0, Cp, 0D (p, 0 p). . (Lemma3.3)

Just as we have Corollary 2.13-(i) to Theorem 2.12, we have the following by the

ana ogous proof:

Corollary 3.4. Player X has awinning strategy in the «- player game in which player X

has open payoff and ( ) JORD%® for some set D of positions which generates player X's

(open) payoff set. , (Corollary 3.4)

In Section 2.2 we defined a player “not helping” player | with respect to D. This
definition will apply to the three-player gamesin this section. We can generaize
Definition 2.10 to define a player “not helping” player | in three-player games to a player

“not helping” player X with respect to aset D of positionsin - player games.

Definition 3.5. Definition of player Z not helping player X with respect to D, denoted by

Z O

A «k-player game G satisfies Z;@@X (read: Z doesn’t help X with respect to D)
iff X and Z are different players of the game G and the following holds:

If BD ORD%™® isaposition such that the next move belongsto player Z and if [z
such that b) (2) DORDL™®, then in the game G player Z may only play m such that

[
p(m 0 ORD%®.



Definition 3.6. A Sound Definition of player Z “not helping” player X with respect

toD.

A «k-player game G satisfies zgﬁﬁﬁﬁx iff X and Z are different playersin the

game G and the following holds:

If pOI ORD% ™ isaposition such that the next move belongsto player Z, thenin G [

move z such that b) (29 DorD%® and player Z may only play such amove. ,

If G satisfies Z%@X and pOORDA®, then player Z must play amove z that

keeps the position b) (2) DORD%® whenever such az exists; we next show in Proposition

3.7 below that such az always exists (in this case) so that such a G satisfies

z%ﬁx . Proposition 3.7 generalizes Proposition 2.11 from three-player gamesto

K- player games.

Proposition 3.7. Let D be acollection of positions. If ;SDORD’X‘D isaposition such that

the next move belongsto player Z (different from player X), then [z such that

p)(2) JORDX® . Hence the game G satisfies Z D187 X iff z;@t—%%ﬁx.

Proof. Proof by contraposition. Let p beaposition such that the next move belongs to

aplayer Z different than X. Suppose ORD}"” ( p’ (2)) ¢ for any movezby player Z, i.e.



Oz orDX® (P(2)) ¢ . Let y=s&gp[ORD§'D(|E))(z))]. By the definition of orRDS™® and

since player Z is different from player X, orRD}” ( {)) | andis y. , (Proposition3.7)

Recall that we are interested in the determinacy of three-player games G in which two
players have open payoff, say players| and Il respectively have open payoff sets O (D)
and O(E) for some set of positions D and E. By Corollary 2.13-(i), if { ) JORD?®, then
player | has awinning strategy for the game G. By the same proof, if ( ) JORD>®, then
player | has awinning strategy for the game G. Unfortunately, if ( Y(JORD*® and
( YOORDY*, it doesn’t follow that player 111 has awinning strategy for the game G.2

However, we shall be able to prove the determinacy of G by considering a “restricted”

version of ORD}®. Instead of the usual ordinals of a position for player 11 (in the game
tree T), we will define for player 11 ordinals of positionsin atree T'° , where
T'° ={(a,, a.K , &, a,)|0i <n(a, &K, a,, a)JoRD}"}.

T'® is“thetree of non-losing positions’ for the players other than |. It is possible for

T"° to be the empty set, but we shall show that when ( Y[JORD>, T'® isagame tree.

Definition 3.8. Definition of agametreeT.
A set T of positionsis called a game tree iff

(i) (closed downward) OpOT OGO pqOT,

? In the game G of Theorem 1.1, it is easy to verify ( Y orp’” and ( Y JORD;" where D =0 and
E ={(a)}; however player |1l doesn’t have awinning strategy.
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(i) (extensionsexist) OpOT Cmp/(m)OT

I) . . I}
Let T, betheset of al movesxsuchthat q”(x) 0T, i.e. xOTy iff g"(x)0T.

Definition 3.1 naturally generalizes to defining the ordinals of a position in game

trees:

Definition 3.9. Definition of ordinals of aposition for player Y inagametree T for
k- player games.
Let T beagametree, let E be acollection of positions, and let pOT . Inductively on
y, we define position pOT having ORDYY -
o  pOorDX0 iff OE (GO p),
o If thenext movefollowing position p belongsto player Y, then {)DORDQE y
iff DﬂDT{)[B)(m) has orRD!T <y,
o If thenext movefollowing position p doesn’t belong to player Y, then
POORDST  iff DmDTE[E)(m) has oRDY < y/].
Let {)DORDQE y iff p hasordinal y with respect to E and for player Y in the gametree
T for «-player games. Let bDORD’Y(g iff [[:)DORD’;”TE y for someordina y. Alsolet

ORDYT (p) 1 (read: ordinal ORD/{ of b converges)iff POORDSYT. Let ORDST ()1

(read: ordina ORDY] of p diverges) iff bDORD’Y(g. [
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Notice ORD{"® =ORD}; if T isthetree of all possible positions. Besides ORD;®, in
this section we are also interested in ORD;/ ., where E will generate player 11’s open

payoff set in Theorem 3.1 (see below). From Definition 3.5, notice that ORDﬁ"TE is
defined as follows:

Let T be agametres, let E beaset of positions, and let OT'° . Inductively on v,

position GO T having ORDﬁ"TEl’D y isdefined as follows:
() §hasoro®L0iff ChOE (b0 ),
(i) G=(a, a.K,a,, a,) has orRDIL" y iff

F(3n+1) = agnﬂ[crl) (f(3n+1))0T" and orD3L” [a) (f(3n+1)]< y} ,
(iii) G=(, @K, 8y, &,,) has ORDSL” y iff

Of(3n+2) =a,,,, [&) (f(3n+2))0T" = orDZT" [é) (f@n+2)]< y} ,
(V) §G=(ay, a.K, a5, ay.,,) has ORDSL”  iff

Of 3n+3)=a, ., [cﬁ) (f3n+3)0T"° = ORDﬁ”TELD [a) (f(3n +3))] < y].

Definition 3.10. Let ORD%'® =, ORD3L, where T =T'°. Recall pOIT' iff

ILE?

040 p ORD?’D(Cr])T .

We need to define aplayer “not helping” player Y with respect to a set E of positions

in athree-player game.
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Definition 3.11: Definition of player Z not helping player Y in T with respect to E,

denoted by Z TPy .

A three-player game G satisfies Z@%ﬁfY (read: Z doesn’t “help” player Y in T

with respect to E iff Y and Z are (different) players of the game G and the following

holds:

If qO0T\orDSL andif [z suchthat §’(z) DT\ ORD3L, then in the game G player Z

may only play m such that §’(m) OT\ORDS. ,

Definition 3.12. A Sound Definition of player Z not “helping” player Y in T with respect

to E.

A three-player game G satisfies Z;@?E{Y iff Y and Z are different playersin

the game G and the following holds:

If a OT\ ORDi'TE is aposition such that the next move belongsto player Z, thenin G

[ move msuch that ¢(m) 0T\ ORDS . and player Z may only play such a move. ,

Note that Z;%Y abbreviates Z;E@%@E{Y if T isthe game tree of all

positions.

By the following proposition, G satisfies Z@%ﬁfY iff G satisfies

zodEE Y.



Proposition 3.13. If ([q OT\ ORDi'TE Is aposition such that the next move belongs to

. I
player Z (different from player Y), then [ such that §’(m) OT\ORDL. Hencethe

game G satisfies Z LI iff G satisfies 2 0 P8P v

Proof by contraposition: Let p bea position such that the next move belong so a

player other than Y. Suppose ORD3L (a) (2)) 1 forany movezby player Z, i.e.

0z0T, §(2) DoRD3L. Let y= Sup [ORD?TE(&)(Z))]. By the definition of ORD3T,
q

orD3L (¢’(2)) + and § has ORDY . . (Proposition 3.13)

Recall that in this section we shall be interested in three-player games G in which
player | and |1 have open payoff sets and which satisfy some conditions which will make

it possible for us to obtain determinacy (of such games). These conditions are:

III;@‘E/I 1 0220, and I@%ﬁfll , for some D and E that respectively generate

the open payoff setsfor players| and Il. Any such D and E will satisfy the following:

Definition of O: For setsD and E of positions, D O E iff OpOD O§OE pOq,
where b 0§ means p and ¢ areincompatible, i.e. if p=(a,, &K , a, a) and

G=(b, B,K , b, b,), then Tk(k<i, k<, anda #b,).> ,

*Recall T ={(ay, a,K , a,,, a,)| Oi <n(a, a,K,a,, 3)}.
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Definition of P: For positions pand ¢, pPg iff pAq,i.e, p and § are compatible,

meaning pCq or g0 p. ,

From Fact 2.9 we know that any move that extends a position that has ORD?®0 aso

has an ordinal value of zero (with respect to ORD™” ). We shall show that any position
that extends a position with ORDﬁ*E’D 0 will also have such ordinal value zero (with

respect to ORDﬁ*TE"D ). Wedo thisin three steps:

Proposition 3.14.

. 1f orRD?®(p) ¢, then Ty O p such that oRD?® (§) =0.
1. 1f orD®L° (P)=0 and D OE, then 04 0 b ORD® ()1 .
. 1f oro®L” (P)=0 and D O E, then

0g O b[&DT'*D and aDORDﬁ'TE"D and § has ORD3T” 0]

Proof of Part |. The proof isthe same asthat of Case 1 of Theorem 2.3. Let
ORD,s'D(EJ)i . Show that (1 that extends p such that ORD?‘D(Cr]) =0. Let p' bea
position of |east length that extends p and whose last move is made by player 111 ( p'
completes theround that p liesin). Then any moveof p' notincludedin p isnot made

by player | (otherwise, p' and p would belong to different rounds). Hence by the

“Possibly p' = p’(x).
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definition of ORD®®, p'JORD®® since PLIORD®®. Set (yo, VoK L Yy, ygf_l) = EJ’,
where 3f=|n(|E)’).5
We define a play {/:(yo, Y1, ¥,,K ) that extends p' such that for all izln(b’):
O (Yo %K, ¥4, ¥;) hasorD?®,
(M, ORrRD® (Yo, YK , Yy, ¥ )=0or

ORD; (Yo, YK, ¥y Vi) Ry ORDY® (o, VK L ¥ip, Vi)

< if i =3k, for somek

where R, =4 .
{s if i # 3k, forall k

To define such a y, we inductively define each round of play extending p'. Suppose
we have (Yo, Yi, Yool + Yo, Vo) that extends p' (possibly is equal to it) and,
(O and (D), hold for In(p')<i <3.
Next we notice that if 3| :In(yra’), then (Yo, YK , Yao00 Vo) = P andis JORD?®. If
I, 3D i
3 >In(p'), then (Yo, Yi.K » Ya_ys Yaa ) JORDY® by (Dy.,. Ineither case,
3D . 3D
(yO' yl’K ! y3l—2’y3l—l)DORD| . Hence either ORD; (YO' y11K ’ y3|—21y3|—1) >0 or
ORD}® (Yo, YK, Yo, Yaa) =0.

We next definethe moves Y,, Vy.., Ya., Of thenext round of play. The definition of

Yy, isdivided into two cases:

(i) ORD® (Yo, Yo K |, Yass Yaa) >0 0 (i) ORD® (Yo, Yi,K | Vai) Vo) =0.

Definition of vy, for case(i): (Y,, Y1.K , Y30, Yaa) has ORDP® >0.

®> We use In to note the length of the position.
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Then in this case, by the definition of orRD?®, [k suchthat ORD® (y,, Vi,K , Y54, X)
<ORD}® (Yy, Yo.K | Ya0, V). Sincesuch an x exists, play | picksa y such that
ORD; (Yo, VoK, Yais ¥a ) ¢ @nd ORDY® (Yo, ¥1,K | Yoy, ¥y)

<ORD}® (Yo, ¥i:K , Ya 20 Y1) Then (D, and (D), hold.

Definition of y, for case (ii): (Yo, ¥1,K , Va5, Ya-1) has ORD® =0.
In this case, by Fact 2.9, any move that extends (Yo, ¥;.K , Ya_,, Y5 ) Will have
ORD°0. So player | may pick any y, . Again (0, and ((T), hold.
Let players |l and 111 respectively pick their favorite vy, ,, and vy, ,,. We show that
Qa0 D2y (Mg, and (D, hold.
By the definition of ORD>",
Ox ORDY® ( Yy, ¥i.K , Yy, X)L and
ORD® (Yo, Yi.K , ¥, X) S ORDP® (Yo, Vi K | Yaas Vg )-
In particular, ORDY® ( Yy, Yi,K , Va, Vaur) ¢ @ndis SORD® (Y, Yi.K |, Vaoy, Yy ) for
X = Yy, therefore (O,,, and ((1),,, hold.
By the definition of ORD>”,
Ox ORD® (Vo ¥1.K + Va1, X) ¢ and
ORD}® (Yo, ¥1.K + ¥au1, X) SORDY® (Yo, Vi K, Vi, Varua)-
In particular ORDS® (Y, V1.K | Vau, Yare) ¢ @dis SORDP® (Yo, ¥1.K Yy, Yo ) fOr

X=Y,,,; therefore (O),,, and (1), ,, hold.

52



We define the play of each round to continue in the above manner. Defining the

MOVES Vs, Yau1, Yaso Of playersi, I, and I11, respectively, gives an inductive definition

Ly

of each round of play extending p'.
By the definition of the play Y =(Y,, Y, ¥,.K ), YO P, (O, and (CT); hold for
i >In(p'). Sincewehavefor 3 =In(p'), ORD® (Yo, VoK , Yaunss Yaun) ¢ fOF
n=0,1,23K,
ORD; (Yo, VoK | Yarzs Yaug) =0, OF

ORD (Yo, VoK + Yaruzr Yaus) <ORDI® (Yoo VoK s Vas Yaz)

<ORDY® (Yo, YK s Yo, Yaur) SORDP® (Yo, Vi K, Yo Vs ) -
Therefore, if 3 =In( ') and ORD® (y,, ¥,.K , Yy, ¥y ) 20 then
ORD?® (Yo, VoK » Yarzs ¥ ) > ORD®® (Yo, V1K, Vaunr Vaus)- If OF such that 3 2In(E)'),

ORD}® (Yo, ¥1.K , Y34, ¥a ) 20, then
ORD:|3'D (yOl ylyK 1 y3f_1) y3IA) > ORD?VD (yO’ yl’K , y3f+2’ y3|‘+3)

>ORD? (Yo, Yo Yok +Yiss  Vava) > ORDI® (Yo Yoo Yol 2 Yo Vo) L
which gives an infinite decreasing sequence of ordinals. Since a decreasing sequence of

ordinals must be finite, (&1 ORD?® (y,, Yy, K | Yype,. Yipd ¢ a0

ORD;” (yo' YK 5 Yapar ysp/n) =0.
Let §=, (Yor YooK + Ypuyr Vg then ORD?® (§) =0, § 0 p' O p, and the conclusion

of (1) has been shown. , (Partl)
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Proof of Part I1. We assumethat ORDSL" () =0, and that the conclusion of Il isfalse:
[ O p orRD?P ((5)1 . We show the hypothesis of Il isfalse, i.e. we show D /E. Since
ORD?® (q) 1 , by I, T 0§ suchthat oRD® ({')=0. By the definition of ORD®°0,

[, 0D suchthat § 0§ . By the definition of orRDT" 0, and since orD3L” ( p)

ILE

0,

[p, OE suchthat p, 0 p. But p, 0 pO0qO¢ . Thus § extends g, 1D and

p, DE sothat D Z/E. Consequently part (I1) has been shown. . (Part1n)

Proof of Part I11. Assume ORD3L" (|ro) =0 and pick § 0 p. Weshall show §OT'™®,

§OorRD3L”, and ¢ has orD3L"0. By 11, ORD?® () 1 sothat qOIT'®. Since

3T'P

orD3L” () =0, by the definition of such ordinal value zero, Ch, DE (p, 0 p).

b, 0 pO4. Thus, orRDIL’ (§)=0 (and OORDL") since § 0 by, b, OE, and

(ﬁ OT"P. Consequently part |11 has been shown. , (Part I1l and Proposition 3.14)

In Proposition 3.14 we have shown that any move that extends a position with

3T'P

ORD, ¢ Value of zero will also have such an ordina value of zero. In Corollary 3.16

below we show that player |1 has awinning strategy for appropriate three-player games

inwhich player | and |1 have open payoff sets O (D) and O(E) respectively and in

which ( YOoRD3L” . Corollary 3.16 follows from the following:



Lemma3.15. If ( YOOrRD®L', D OE, and G is athree-player game that satisfies

I
III;@‘E/I , then player |1 has a strategy to reach aposition in G with OrRD3L" 0, and

therefore aposition in E is reached when player Il follows this strategy.

Proof. Let D and E be sets of positions in a three-player game G which satisfies

III;@‘E/I . Assume ( )JORD3L" . We construct a strategy for player Il in which he

plays “to strictly lower the ordina values of positions” in OFeD,"’,"TE"D until a position with

ordinal value zero isreached. More generaly, if a O ORDﬁ*TE"D , then player 1l hasa

strategy at q to reach a position which has ORDf,’TE"D 0 in appropriate three-player games,

therefore aposition in E is reached if the position (5 [l ORD;","TE"D isreached and player 11

follows the above strategy. Define a strategy for player Il as follows:

55



U &y, such that

(8, &K , ay,, ay,,)0T"
and ORD,?’,"TEID (8, @K, 8y, 8gp) ¢
and ORDYT (8, &,K , ay,,, &) !
and ORDﬁ'TE"D (89, @K, @y, 8gpu1)

<ORDZL” (20 K, @y, @)
if Ox such that (a,, a,K , a,,, x)OT'"°

and ORDﬁ'TE"D (a9, a,K , &, X) !
and ORDSL” (ay, 8, K , ay,,, ay,) !
Lets(ay, a.K , 8., &)= and ORDﬁ',TEIVD (8, a.K , &, X)

<ORDﬁ':rEI’D (aO’ ai’K » Ay aSn)’

8 otherwise, i.e.

OXOT'®[ OROFE” (B, &K 4 By &) 1
or oRD3L” (8, &K, a,, x) 1, or
{ORDﬁ'TE"D (2, &K, 8y, &) and
ORDYE" (8, 8K , 8y, x) 1 and
ORDIL (ay, K, 8y, By <

(3 &K, 3, )} |

37'P

ORD) ¢

Let (8, &K , a,,, a,,K ) bealegal play accordingtos. We shall show

(| oRDTE” (8, &K, &y, @)+ and ORDIL” (3, &K | 8,4, 3,)=0).
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Claim. Dn[ORDﬁ'TE"D (2, a.K , a,,, &) andeither orRDL" (ay, a,.K , a,,, &,)=0

or ORD}L” (ay, &K , &, 8,) R, ORDIL (3, &K, a,,, a,,) where

n

< if n=3 +1, for somel
< ifnz3 +1 forall '

Consideringthecases“n=3",“n=3+1",and“ n=3 +2” we show by induction that
the Claim holds. Fix nOw andlet §=(a,, a.,K , a,,, a,,). Wefirst notethat

3t'P

ORD)t (8, &K, a., a,)!. #

This follows by the Induction Hypothesiswhen n—-10¥ and otherwise by the

assumption that ( YCJORD] ¢ . Let y=0RD’L" (&, &, &,,L , a,,, &,,)-

Casel: n=3k for some k=0.

Show that ORDﬁ*TE"D (8, a,K , 8y, 3y )¢ and either ORDﬁ’TE"D (8, a,K , 8y, ay)=0
3T'P

or ORDIL (@, &K |, By, @) SORDIL (ay, &K |, By, Bye)-

Recall ORDYL” (8, a,K , 8yp, 8gey) ¢ and y=ORDIL (ay, a,K , y.,, )

By the definition of ORD3T"

ILE
OxOTE° ORDIL (8, &K |, 8y, X) 1
andis <ORD3L” (ay, &,K , &y, @y, )=y regardless of whether y=0 or y>0. Since

by # (8, &K, 8y 84 ) 0T, (8, &K, 8y, 8y, )ORD; then by the

definition of orRD®®,0z(a,, a,K , a4, Z)JORD;®. In particular
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(8, a,K , @y, a, )OORD}® and so a, OT}® Hence by

3T'P

ORDE (8, &K, a4, 8, )L andis <ORDL" (&, a,K | 8y, 8gy)-
Case2: n=3k+1forsome k=0.
Show that ORD] ¢ (&, &K , &, ay,,) } and either
ORDyE (8, 8,K , @y, 8y.,)=0o0r

3T'P

(8, a,K , 8y, ay.,) <ORDYL (8, 8,K , 8y, 8y ).

3T'P

ORD} ¢
Recall ORDYE " (8, &K, 8y, 8y )+ and y=0RDjE (&, &K, 8y, By)-
If =0, then by Proposition 3.9 [1x(a,, a,K , a,, X) has ORD3L"0. If >0, then by

the definition of ORDSL , CXOTEP oRrRD3L” (ay, &K , &, X) ¢ and

ILE

ORDAT (ay, &,K , 8, X) <ORDAL (@, &K , 8y, &, )=y. By thedefinition of s,
ORDL (8y, 8,K , 8y, 8y.,,) ¢ andis <ORDJL (&, &K , 8y, ay) since

(8, &K , &, 8.,) isaccordingtos.
Case3 n=3k+2 forsome k=0.

By asimilar argument as that presented in Case 1°, we

show that ORD®L" (&, &,K , 8y, 8y.,) ! and either

3T7'°

ORD)E (8, 8K, 8yy: By,p) =0 OF

3T'P

ORDIT (8, 8K , 8geuy, Byr) SORDIL (8y, K | By Bgea)-

% To stay out of orD>®, we use III%I in this case which is 111’ sturn, whereas we used the

definition of orD;™ in case (i) whereit is player I’sturn.
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Recall ORDYT (8, &,K , 8y, @y.,) ! and y=ORDIL (8, &,K , ay, 8y.,). By

the definition of ORD3™"

e
OxOTg® ORDf’,"TE"D (89, K, @y, X) L.

Since (8, a,K , 3y, 3,.)0T", (8, a,K , 8y, ay..)JORD}®, and since

III;’%“(I , player I11 must play amove x such that (a,, a,K , @, X) JORD®. In

particular (a,, a,K , @y, 8,,)JORD;® sothat &, 0T}® Henceby 2],

ORDIE (B, 8K |, By, Bgy) ¢ NS SORDIL (ag, K |, By, Bges)
Consequently by cases (i), (ii), and (iii), we have shown the claim by induction.

, (Claim)

By theclaim, On oRD’L (&, &K , a4, &,) ¢ andif the

ORD®T" (8y, &,K , 8y, y.,)# 0, then

ORDL (8p, 8K , 8y, Byr) < ORDIE (8p, &K, By, 8y) <

ORDL (8 &K |, 8ger Bea) S ORDYE (8 LK | By Byica) -
Henceif ORDAL" (&, a,K , &y, 8y.,)# 0, then

ORDL (8 &K |, Bgeqr Buer) < ORDYE (Bg, &K, gy Byys) <

<ORDIE (8, &K , ayeqr By5) <L <ORDIE (8, &)

Therefore, if Ok ORDIE (8, &,K , 8y, 8y, ) 0, then

3T'?

ORD?T ar®

(a. @)>ORD}L (3, &, &, &, 3,)
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>ORDYE (8, &K ,8503:850es) > ORDIE (8, &K | By, Bger ) >L

which gives an infinite decreasing sequence of ordinals. Since a decreasing sequence of

ordinals must be finite, (k ORDZL (8, &,K , 8y, 8y,,)=0. By the definition of

ORD®L 0, O <k (ay, a,K , 8y, 8y, )OE. , (Lemma3.15)

We now show that player II’s strategy s. in Lemma 3.15 above naturally leadsto a

winning strategy for player Il in certain three-player games:

Corollary 3.16. If G isathree player game in which:

1) players| and Il respectively have open payoff sets O (D) and O(E),
(i)  ()Oorp3L", and

(iii) Gsﬁisﬁesm;vgpfl,

then player Il has awinning strategy for the game G.

Proof. Let G be athree-player game as described in the hypothesis. Let D and E

generate player | and |11’ s open payoff sets, respectively. By Lemma 3.2 player 1l hasa
strategy s to get to aposition p of ORDYL 0. Let o bethe strategy in which player II

plays according to s until he reaches such a p and then he plays randomly. Let

{/:(yo, Y., ¥,,K ) beaplay according o . Then thereisaposition

(Vor ¥o.K , Yoas ¥, ) OT'® with ORD3T"0. By the definition of ORD3L" 0,
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O<n (Y, ¥i.K, ¥, ¥)OE sothat yOO(E). Hence y isawinning play for player

Il and o isawinning strategy. , (Corollary 3.16)

We have shown that either player | or 1| has awinning strategy for certain three-

player gameswhen ( ) iseitherin ORD?® or ORDZL"

for appropriate D and E. We next
show that player Il will have awinning strategy for appropriate three-player games when

(') isneither in ORD®" nor in ORDYL" .

Lemma 3.17. If Gisathree-player gamein which:
()  Gsatisfies | 1% 1 and | D11, and
(i)  ( YOORD*® and ( YOORDYL ,
then player 111 has astrategy to keep al positions out of both ORD?® and ORD®L" inthe

game G and in particular from being in D or E. Hence any play according to this strategy

isneither in O(D) nor O(E).

Proof. Let ( YJORD®® and ( )(JORDL" and show player |11 has astrategy such that
al positions according to this strategy are neither in ORD™® nor in ORD,?’,”TELD. Therefore

al positionsarein T"° \oRD?L" . Define astrategy for player I11 as follows:
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H 3.,

(3, &K\ 8y, ay,,) OT° \ORD}L"
. 1,D 3T'P

Let s(ao, aK,a,., a3n+1): if T""\orD; . #0,

8 otherwiseg, if thereis no such

&4

We shall show that if (a,, a,K , a,,, &,,K ) isalega play according to s, then

On (&, a,K , &, &)0T"\0oRDL", i.e. that no move by player I nor player |1 can

take apositionin T"° \ORD?L" to aposition outside T'° \ORD3T" .

Claim. On (a, &,K , a,,, a,)0T""\orRDZL" if (&, &, a,K ) isalega play
accordingto s.
Fix aplay (a,, a, a,,K ) accordingtos. Consideringthecases“n=3",

“n=3+1",ard“n=3+2", we show by induction that the Claim holds. Fix nUw.
Note that:
(2, a,K , a_,, a,)0T*°\orRD3L",i.e. (mm)

ORD}® (8, &K , 8, a,,)1 and ORDYL (&, &K, 8, a.,)1,
asthis follows by the Induction Hypothesiswhen n—-10¥ and otherwise, when n=0,
by assumption (ii) in the hypothesis to this lemmathat { )[1ORD*® and ( YJORDZL" .
Casel: n=3k for some k=0 (i.e.itisplayer I’sturn).

By (um) (a,, &K, ay_,, 8y )ORD}®, sothat by the definition of ORD®®,

Ox (@, a,K , @, X) JORD}® .
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In particular (a,, a,K , a,_,, a, )JORD}®.

By (90) (a,, 8,K , &, &,,)0ORDSL” sotha, since G satisfies | O PP 11,
player | must play x such that (a,, a,K , a,_, X)JORDL" . In particular
(20, @K, 8y, 8y ) JORDE .

We have shown that

(3, a.K , 8y, 8y )OORD™ and (a,, &,K , &, a, )JORDIL .

Therefore we have (&, &, a,,L , 8, a,) 0T \ORDIL .
Case2: n=3k+1forsome k=0 (i.e itisplayer II'sturn).

By (na) (8, &, &,,L , ay, &, )JORD®® sothat since G satisfies II;"%“{I,
player Il must play an x such that (a,, a,,K , a,_,, X) JORD?®. In particular

(ao’ a,K, ay, aSk+1)DORD|3'D-

By (aa) (&, &,K , 8., a,)JORDSL sothat by the definition of ORDZL",
O (8, a,K , &, X)JORDL" .
In particular, (&, a,K , @y, ay,,)JORDYL .
We have shown that

(2, &K , @y, 8y,,) JORD™ and (ay, a,K , 8y, 8., )JORDIE .

Therefore (a,, a,K , @y, ay,,) 0T \ORDIL .

Case3: n=3k+2 forsome k=0, (i.e. itisplayer I1I'sturn).

In this case, we use player 111's strategy to stay out of ORD>® and ORDﬁ'E'D Let
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f):(ao, a,K , &, 8.,). Wefirst notethat by the definition of ORD3L" , we have:

if OxOT}® orRDE™ (E))(x)) 1, then orRDZ™ ()1 7 (%)

Recall orD®™ ( |5) 1 by (m=); therefore we have by (%) that

xOTE B (x)Doro?L”.

Hence Ok P(x) DT"° \oRDT" so that, by the definition of s and since

(89, @K, @ys Ay, )isaccordingtoss,

(3, @K , By, By, ) TP \ORDIT"
By Cases 1, 2, and 3, we have shown (&, &K , &, a,)OT"®\orDL" for our
fixed n. Therefore, by induction, we have proved our claim that
On (a, a.K , a,4, &)0T"\ORDAL . In particular for every n (a,, &K , a,,, &,)
doesn’'t have ORD?®-value zero so On (a,, a,K , a,,, a,)0D. Also by theclaim, for
every n, (a,, a,K , a,_,, & )0T"and doesn't have ORD3T"

1e -Vvaluezero; so

On (a8, a,K , a,,, a,)0E. , (Claim)

Consequently if ( )[JORD?®, ( YORD3L" and )r/:(ao, aK,a., a,K)isaplay

according to's, then On (a,, a,K , a,_,, 8, )OT"°\ORDIL" (by theclaim) and in

particular On (a,, a,K , a,,, a,)0D and On (a,, a,K , a,,, a,)JE. Therefore, the

"If OxOTE (ag, @y, 8,.K , 8,4, X) O ORDﬁ‘;I'D , then by the definition of, ORDﬁ'TEI'D

OROLE" (8 &, 8K, By Bgcs) ¢ andeuls up [ ORDY (3, &, 2K, &, %) .
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play V isneither in the open set generated by D nor in the open set generated by E.

, (Lemma3.17)

We now show that the strategy s used by player I11 above is awinning strategy for

certain three-player games:

Corollary 3.18. Player 11l has awinning strategy for every three-player game in which:

player | and |1 respectively have open payoff sets,

()  Gsatisfies | 1%= 1 and | DLEA¥T. 11 for some D and E that

respectively generate player | and player 11’ s payoff sets,

(i)  ( YOORD*® and ( YOORDL ,i.e ( YOT'™\ORDL .

Proof. Let G be athree-player game which satisfies the hypothesis above. By Lemma

3.3 player 11l has astrategy s, such that all positions according to s are neither in D nor E.

Let {/:(yo, Y,, ¥5,K ) beaplay accordingtos. Then:

On (Yo, Yo.K » Yoes ¥2) O D and On (Y, ¥i,K , Yo, ¥ ) OE.
Hence
yOdO(D) and yOO(E).
Therefore, Y isneither awin for player | nor Il. Thus Y isawin for player IIl.
Consequently we have shown that sisawinning strategy for player 111,

, (Corollary 3.18)
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Corollaries 3.1, 3.2 and 3.18 together imply that certain three-player games are

determined.

Theorem 3.19. Determined are three-player games G which satisfy the following:

0] players| and Il have open payoff sets,

(i) OB 1 DT, and | DEEEL 11 for some D and E that

respectively generate player | and player |1’ s payoff sets.

Moreover, for any such game G,
a Player | has awinning strategy for G when ( Y[JORD™.
37"

b. Player 11 has awinning strategy for G when ( ) JORD, ;. .

C. Player |11 has awinning strategy for G when ( YOT"? \ORDﬁ‘ED.

Proof: Let G, D, and E be asin the hypothesis to the theorem so that (i) and (ii) hold.
() follows from Corollary 3.4, (b) follows from Corollary 3.2, and (c) follows from

Corollary 3.18. Gisdetermined by (a), (b), and (c). , (Theorem 3.19)

Just as we consolidated Corollaries 3.4, 3.16, and 3.3 into Theorem 3.20, we can

consolidate Lemmas 3.3, 3.15, and 3.17 to obtain:

Proposition 3.20. If D O E and G isathree player game which satisfies III;’%"{I :

I D21, and | DEEAHTL 11, then:
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0} when ( YOORD?®, player | has astrategy to reach apositionin D,
(i)  when ( YOORD®L", player Il has astrategy to reach aposition in E, and

(iii)  when ( YOT'" \ORD;”,"TE"D , player 111 has a strategy to keep all positions out
of both D and E.

, (Proposition 3.20)

In the next chapter we show that determinacy in Theorem 3.19 failsif we drop any
one of the three non-hel ping conditions from the hypothesis (ii) of Theorem 3.19. In
Chapter 5, we verify that Theorem 3.19 holds even if we permute the roles of the players.
In Chapter 6, we generalize the result of Chapters 3 and 5 from three-player biased games
to (n+1) -player biased games.

The non-helping conditions restrict players from intentionally helping an opponent on
any move, but a nice result from Theorem 3.19 restricts a player from making a move

which resultsin adifferent ordinal value than before the move was made.

Corollary 3.21. Determined is any infinite three-player game of perfect information in
which:
Q) at most one player has a payoff set that is not open,
2 at every position, there is amove m such that at the resulting position, no
player other than possibly the player making the move m has awinning
strategy, and

(3)  eachisrequired to make such amovem. , (Corollary 3.21)
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.D

If orD!™ (D) =0, then DX[E))(X)DT"D and P(x)DorD!" and P(x) has orD]." o]

D

Proof: Let ORD] (}5) =0. Pick an arbitrary x. We will show:

P07, Px)Doro!” and p(x) hasorol? .
Since ORD], (|ro) =0, by the definition of ORD; there exists &‘i Opand pOT'®.
First wewill show p’(x)0T'® by contradiction.
Assume |ro)(x)DT"D;therefore |ro)(x) has ORDP. Let p' beaposition of least length
that extends p’(x) and whose last move is made by player 111 (possibly p=p ().

Then any moveof p' notincludedin p’(x) isnot made by player I. Hence, by the
definition of ORDP, P'JORDP since p’(x) JORDP. Set (yo, Y Yok Yy, ySI._l) =p,
where 3IA:In(}5’).8

We define aplay )r/=(yo, Y., Yo,L ) that extends p' such that for all i = In(p’):

O (Yo Yo Yol + Yoo Vi) hasORDP,

(M), orD? (Yo, Yo Youlk + ¥iwu ) =0,

or

ORDY (Yor Yir ¥or L+ Yis Vi) Ry ORDY (You ¥i Voo L s Vs Vi)

8 We use In to note the length of the position.
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< if i =3k, for somek
< ifi #3k, for al k

where R, :{

Suppose we have ( Yy, Vi, Yol , Vap, Vo) that extends p' (possibly isequal to it) and,
(D, and (D), hold for In(p')<i<3. Nextwenoticethat if 3 =In(p'), then
(Yor Yor Yool » Y300 Ya4) = P’ @ndisTORDY. If 31 >In(p'), then
(Yo, Yo ¥ou L, Y52, Yo ) OORDY by (D, Ineither case,
(Yor Yo Yok ¥a2, Ya.) JORD,. Henceeither ORDY (Yy, Vi, Vosl » Yaz) Yaa) >0 OF
ORD} (Yo, Yo Yool + Yarzs Yaa) =0.

We next define the moves v, , V.., Y., Of the next round of play. The definition of

Yy, isdivided into two cases:

i) ORDY (Yo, Vi Yorlk » Ya20 Vaa) >0

and
ii) ORDY (Yo, ¥ir Yool + Varos ¥a0) =O.
) (Vor Yor Yool , Yaas a0 ) s ORDP > 0; then by the definition of OrRDP, [k such
that ORD? (Yo, Y1, Yook + Ya1, X) <ORDY (Yo, Ya Yok Yoz, Yaa)- Sincesuch anx
exists, pick y, suchthat ORDY (Y, Yo, Yol  Ya0, Yy ) ¢ and

ORDY (Vor Yis Yoil + Yaras ¥ ) SORDY (Yo, Yao Yok Yaos Yaa)- Then (D, and ((D),

hold.
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i) (Yo Yor Yool + Y52, Yaa) NS ORDY =0; then by Fact 2.2, any move that extends
(Yo, Yo Yool + ¥a2, Yaa) Will have ORDP 0. So player | will pick any vy, . Again
(0, and (D), hold.

Let player Il pick hisfavorite vy, ,, and player Il pick hisfavorite y,,,. By the
definition of OrRDY, OX ORD} (Y, Vi, Yook + ¥y, X) ¢ and
ORD} (Yo, Yo Yool + ¥, X) SORDY (Yo, Yay Youl » Va1, V). In particular these hold for
X =Yy, therefore (O,,, and ((1),,, hold.

By the definition of ORD}, OX ORD, (Yo, ¥ir Yook Yaur, X) ¢ and
ORD} (Yo, Yo Yool + Y1y X) SORDY (Vo Vs Yook Vg, Yaue)- 1N particular these hold

for x=1y,,,; therefore (O,,, and ((1),,, hold.

We define the play of each round to continue in the above manner. Defining the

MOVES Vs, Va1, Yasn, Of playersl, 11, and 111 respectively, gives an inductive definition

Ly

of each round of play extending p'.

By the definition of the play ¥ = (Y, Y1, Y,,L ), YO P, (D), and (CT); hold for

izln(ﬁ'). In particular we have for 3l > In(|5'), ORD; (Yo, Yo Youlb + Vaun) + foOr
n=0,1 2, 3 and ORDP (Yo, Yis Yol + Yauos Yaiua) =0, OF
ORD (Yo, Yur York + Yavzr Yasa) SORDY (Yoo Yar Yorb o Yaras Yao) <

ORD; (Yo, Yo Yaulk + Vs Yaus) SORDY (Yoo Vi Youl o Yo, Va ). Therefore, if

3 2In(p) and ORDY (Yo, Vi, Yok + Yo Vo) %0 then
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ORD (Yor Yar York + Yaar Ya) > ORDY (Yoo Yo Yau L+ Varzs Vo) I
Ol such that 3 zln(ﬁ'), ORD; (Yo, Yo Yool + Yaras ¥s ) 20, then

ORD,D(yO, Yo, Vool ysf) >ORD,D(yO, Yy Yool ysm) >

ORD,D(yO, Yy Vool y3r+6) >ORD:°(yO, Yy Vool y3f+9) >
ORD,D(yO, Vi, Yo, L ,y3f+12)> L . Sincethereisno infinite decreasing sequence of
ordinals, (/ORDP (yo, Yor Yark s Yapes ys%)l and ORDP(yO, Yir Yark s Yapes yS%) =0.
By definition (Yo, Yi. Yol \ Y. Vi) Extendssome p; sothat y isawin for player I.
(Yo, Ya» Yo,L ) extends p' whichin turn extends ¢ sothat Y isawin for player Il. We
have a contradiction. Therefore p)(x) OT"°. Therefore, since ('qf Op0p K,

}5) (X) DORD] . and ORD;,;, E)) (X)) =0, by the definition of ORD;,, 0. PROPOSITION 3.2[]

Let A and B be digoint open sets. We will define athree-player game
G =G, yice (A, B, AD B) which is played along a game tree T depending on A and B,

and in which A and B will be the payoff setsfor player | and player 1l respectively. Since
A'is open, there exist finite sequences Ipl '|02, '|03, L such that:

fOAIff OpOf.

Since B is open, there exist finite sequences (':41 (':12, (':13, L such that:

hOBiff 0 g, Oh.

Consider thegame G = G, ;i eq (A, B, AU B):

71



I a8 8
G: |l a a, L =T L
Al & 8 A3

We now state the desired restrictions for each player. These restrictions are defined
interms of ORD, and ORD, . Weintend that the stated restrictions are to be followed

whenever possible by the designated player.

Rule 1: Player 1l will not “help” player | whenever possible. More precisely we

mean if P=(a,. a, &, L , 8., a,)JORD, and [x such shat
(ao’ a, a, L, ay, X) = IB)(X)DORD., then player || must play a,,,, such that
(a0, &, @, L, &y, .,) JORD,.

Rule 2: Whenever possible player I11 will not “help” player I. More precisely we
mean if |5:(a0, a, &, L, ay, ay,,)JORD, and (X such that
(8, &, &, L, 8y, X)= p)(x) DoRD,, then player I11 must play a,,,, such that
(3, @, 8, L, 8y, 8y,,) ORD,.

Rule 3: Player | will not “help” player 1| whenever possible. More precisely we
mean if cr1:(ao, a, &, L, &, 8,,)0T'\ ORD] and [x suchthat

TI

(8, &, &, L, ay, X) :cr|)(x)DT'\ ORD, , then player | must play a,, such that

(3% @, &, L, &y, & )OT'\ ORD].
At thistime, by describing what moves are alowable, we have implicitly described
the game tree along which the game is played. Notice that the above rules require that a

certain player does not “help” another player “whenever possible”. Basically the above

rules are of the form: If aposition is out of the ordinals, then the non-helping player must
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play so that the extended position is aso out of the ordinals whenever such amove exists.
We now show that such a move aways exists whenever the original position doesn’t
have an ordinal. Thiswill also show that “whenever possible’ can be dropped from the

aboverules.
Propositionpl. If  ,then Oz(a,, a, @,, L , &y, Z)JORD,.
Proof by contraposition: Assume [(a,, @, ,, L , &,.,, z) JORD, and show
(3, &, @, L, 8y, 8y,)JORD,.
Since (a,, a, @, L , &, Z)JORD,, then ORD, (8, &, @&, L , &, z) | . Let
y=O0RD, (8, &, &, L ,a,,, z). By thedefinitionof ORD,,
ORD, (8, &, &, L , @y, @y,) ! andis = y+1. END PROPOSITION P1[ |
Proposition R1: If E:(ao, a, &, L, ay,, a,)OORD,, then
X(ay, &, &, L, ay, X)0JORD,.
Proof by contraposition: Suppose[x(a,, &, @,, L , &, X)JORD,, then
OX ORD, (@, &, &, L, &, X) ! .
Let y:Slip[ORD, (2, &, &, L, a,, X)]. Bythedefinitionof oRrD,,

ORD, (ay, &, &, L , 8y, 8)! andis<y.

END PROPOSTION R1 D

Thereforeif (a,, &, @, L , 8., a, ) JORD, thenthereisan x = a,,,, such that

(8, &, @, L, ay, a4, )0ORD,. Sincean a,,, existsin thiscase, Rule 1 can be
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replaced by Rule 1: If |5=(ao, a, &, L, a,.,, a,)OORD, then player Il must play
8y, Suchthat (ay, &, &, L, ay, 8.,)JORD,.
Proposition R2: If E:(ao, a, &, L, ay, a,,)0JORD,, then
X(ay, &, @, L, ay,,, X)OORD,.
Proof by contraposition: Suppose Ox(a,, &, @,, L , 8., X)JORD,, then
OX ORD, (@, &, &, L , 8y, X) L.
Let a':Slip[ORD, (2, &, @, L, a,.,, x)]. Bythedefinitionof oRD,,
ORD, (8, &, @&, L, ay, a.,)! andis<a.

END PROPOSITION R2 [ |

Thereforeif (a,, &, &, L , @y, 8y.,)ORD, thenthereisan x = a,,,, such that
(8, @, &, L, 8y 3y,,) JORD,. Sincean a,,, existsin this case, Rule 2 can be
replaced by Rule 2: If |'o=(ao, a, &, L, a,, a,.,)JORD, then player Il must play
8., Suchthat (2, &, &, L , ay.;, 8,.,) JORD,.

Thereforeif (a,, &, &, L , @y, ay,)0T'\ ORD], then player | must play
a, OT'\ORD] suchtha (a, &, &, L , a,, a,)0T'\ ORD] . Sincean a, exissin
this case, Rule 3 can be replaced by Rule 3 If

a:(ao, a, &, L, 8, a5,)0T"\ ORDI', then player | must play a, OT' such that

(2, &, @, L, 8y, a,)OT'\ ORD] .
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Proposition R3: If cr1:(ao, a, a, L, 8y, 8,)0T'\ ORD] , then [ such that

(ap, &, @, L, ay,, X)OT'\ ORD] .

Proof by contraposition: Suppose OxO T, (8, &, @, L , a4, x)DORDﬂ', then
K0T [OROT, (30, 8 @, L, 8y ) 1]

Let y= wp[ORDﬁ' (8, &, &, L, ag., x)} By the definition of ORD

|
xTe.)

ORD] (a, &, &, L , a,,)! andis<y.
END PROPOSTION R3 D
THEREOM 3. If < >LORD,, player | has astrategy to get a position which has
ORD,0. If < >[O0RD,, then player Il or player Il has astrategy to get to awinning
position.
Casel: Let < >[ORD,.

Proposition [-B: If ( YTJORD,, then player | has a strategy to get to a position

which has ORD, 0. This strategy isawinning strategy for player I. Let usfirst note that
the second sentence of Proposition I-B follows from thefirst (in the case of < >[ORD, ).
Suppose player | has astrategy o to get to aposition of ORD,0. Let y beaplay
according to o, asdescribed in Proposition I-B, then there is a position

(Yo» Yur Yoo L, ¥4, V) with ORD,0. By the definition of ORD,0 and Fact 1, any play
extending (Y,, ¥, ¥,» L , Y., ¥,) isawinfor player |. Inparticular yisawinning play

for player I. Consequently o isawinning strategy for player I.
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Now let us proveif ( )[JORD,, then player | has a strategy to get to a position which

has ORD, 0.

Define astrategy for player | asfollows:

pa, if =2y, ORD, (), &, 8, L , 8, X) !
and ORD, (&, &, &, L , 8,5, 85y) ¢

and ORD, (8, &, 8,, L , 8, X) <

ORD, (8y, @y, @y, L, 850 8504)

_ 8 otherwise, i.e.
Lets(@ B b e ) R0, (8 4 @0 L B B) 1

or ORD, (8, @, &, L , 3y,,, X) 1

or {ORD, (ay, &, 8, L , 8y, 8y4) !
and ORD, (&, &, 8,, L , 8, X) |
and ORD, (8, @, &, L , 85, 8yy) <
ORD, (ay, &, a,, L , ay,, X)} |

Let (a,, &, @, L , a,,, &, L ) bealegal, infinite play according to s. We will
show
(n[ORD, (&, &, &, L , &, 8)+ and ORD, (&, &, &, L , a,,, a,)=0].

Claml: On[orp, (&, &, &, L , a,,,a,) ! andeither

ORD, (8, &, &, L , a,;, 8,)=0o0r

ORD, (8, &, &, L , a,;, 8,) R, ORD, (2, &, &, L , a,,, &,,) where

n

< if n=23l, for somel
< ifnz3l, forall '

Case(i): Let n=3k.
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Assume the hypothesisistrue for A <3k, then
ORD, (8, @&, &, L , @y, 8y4) ! . Showthat ORD, (&, &, &, L , 8y, &) ! and
either ORD, (8, &, &, L , @y, 3y )=0o0r
ORD, (@, &, 8,, L , 8y, @) <ORD, (8, &, &, L , 8y,, 8y,

The ORD, (8, &, &, L , 8y, 8y,) ! SOlet
y=0RD, (3, &, &, L , 8y.,, ay,). If y=0, then by Fact 1 (stated before Theorem),
Ox(ay, @, &, L , 3y, X) isalso 0. Inpaticular ORD, (8, @, &, L , 8y, 8y ) !
andisO. If y>0, then by the definition of ORD,,
[X ORD, (8, &, &, L , a4, X) | and
ORD, (8, @&, &, L , &, X)<ORD, (8, &, &, L , 8., &) =V. Since

(ao, a, a, L, a,,, agk) isaccording to s, by the definition of s

ORD, (ay, @, &, L , 8y, ay) ¢ andis <ORD, (&, &, &, L , &g, By
Case (ii): Let n=3k+1.

Assume the hypothesisistrue for A<3k +1, then
ORD, (8, &, &, L , @, 8y ) ! . Showthat ORD, (8, &, &, L , 3, 3y,,) ! and
either the ORD, (a,, &, &,, L , 8y, y,,) =00r
ORD, (8, &, 8, L , 8y, 8y,,) SORD, (8y, &, 8,, L , 8y, 8y,).

The ORD, (3, &, &, L , 8y, &) ! Solet y=0RD, (ay, &, a, L , 3y, ay)-

By the definition of ORD,, Ox ORD, (ay, &, @,, L , 8, x) ! andis
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<ORD, (8, &, &,, L , 8y, 3 ) =, regardless of whether y=0or y>0. In particular

ORD, (g, &, &, L , 8y 8ges) | @A iS SORD, (8, &, &, L, 8geq By )-
Case(iii): Let n= 3k+2.

Assume the hypothesisistrue for n < 3k+2; then
ORD, (g, &, &, L , 8y, 4, ) | - Show that ORD, (8,, &, @&, L , s, Ag,) ¢ and
either the ORD, (8, &, &,, L , Ay, Agp) =0 OF
ORD, (8, 8, 8y, L, Bys, gp) SORD, (g, 8y, 3, L, By, Byyy).-

The ORD, (@, &, &, L , @y, Ay.,) | SOlet y=0RD, (ay, &, &, L , ay, Ay, )-
By the definition of ORD,, X ORD, (8, &, @,, L , ,,, X) | andis
<ORD, (8, &, &, L , 8y, 8y,,) = y regardiess of whether =0 or y>0. In particular
ORD, (8y, 8, 8, L , 8y, Bgp) ¢ NS SORD, (8y, &, 8y, L, By, 8.
END CLAIM | [ ]
So by cases (i), (ii), and (iii) we have On ORD, (a,, &, &, L ,a,,,a,) ! . Bythe

claim, if ORD,(a,, &, &,, L , a4, 8, ) #0, then

ORD, (8, 8, @, L , 8y, 8y ) <ORD, (ay, &, 8, L , ay,, ay,)

< ORD, (ag, &, &, L , 81 8ge2) SORD, (89, @, @, L, 8yez, 8y5). Henceif the
ORD, (8y, &, 8, L, 8gy, 8g.) # 0, thenORD, (ay, &, &, L, 8y;, 8y5) # 0, and
ORD, (8, @, @, L , 8gey, 8y ) <ORD, (8, &, &, L , gy Bges)

<ORD, (@, @&, &,, L , 8y, 855)< L <ORD(ay, a,a,,a,) <ORD, (a,). Thereforeif
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Ok ORD, (a9, &, &,, L , 8., 8y ) 20, then

ORD, (8,) > ORD, (8, &, a,, &) > ORD, (8, L , &, L ,&)>

ORD, (8L ,a, L ,a,L ,a)>L > ORD(a,L,a,L, a,L a,)>L which
gives an infinite decreasing sequence of ordinas. Since any decreasing sequence of

ordinalsisfinite, [k ORD, (@, @, @,, L , @y, 3y ) =0.

[

END PROPOSITION | - B

Casell: Let ( YOORD, and ( YJORD .

Proposition I1-C: If ( )OOORD, and )DORDF, then player 11 has awinning

strategy to get to aposition which has ORD, 0. This strategy is awinning strategy for

player Il.

Let usfirst note that the second sentence of Proposition I1-C follows from the first (in
the case of ( )[JORD, and ( )DORDF). Suppose player || hasa strategy & to getto a
position of ORDI' 0. Let ybeaplay accordingto 8 as described in Proposition I1-C.
Then thereis aposition (Yo, V1, ¥y L, Yo, ¥, )OT' with ORD] 0. By the definition of
ORD], O any play extending (Yo, V1, Y L+ Yass Vs )isawin for player I1. In particular
y isawinning play for player Il. Consequently @ isawinning strategy for player II.

Now let us proveif JORD, ( ) and ( )DORDII, then player |1 has a strategy to get to

aposition which has OrD 0.

Caselll: Let ( YOORD, and { YJORD] .
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Proposition I11-D: If ( YOOORD, and ( )[JORD, , then player 1| has a strategy

such that all positions p according to this strategy are not in ORD, (|'0DORD,) and are
not in ORDE'(E)DT' or E)DT' \ORD''). Thisstrategy isawinning strategy for player I11.
Let us note that the second sentence of Proposition I11-D follows from the first (in the
caseof ( )LOORD, and ( )DORDE' ). Suppose player |1l has astrategy 7 such that all

positions according to 7 arenot in ORD, and are not in ORDI'. Let y beaplay

according to 7 asdescribed in Proposition 111-D; then
) O (Yor Vi, Yoo L+ Yoas Yo )OORD, @nd (**) 0N (Yo, Vi, Yoo L, Vosy ¥ JOORD! . IF Y
were awin for player I, TORD, (Yo, V1, Yo, L , ¥4, Y ) =0. Henceby (*), y isnotawin

r
qj)=

for player I. If y wereawin for player 1, E]('qj [ i/ Then aj :(yo,yl,yz, L, ym( )1)

andwe have §, OT' by (*) s0 (yo,yl,yz, L ,yln(aj)_l) has ORD] 0. Henceby (**), V is

not awin for player 1. Thus Yy isawin for player I11. Consequently we have shown 1
isawinning strategy for player I11.

Now let us proveif ( YJORD, and ( YJORD!', then player 11| has a strategy such
that all positions according to this strategy are not in ORD, and not in ORDE' :

Define astrategy for player |11 asfollows:

[

END PROPOSITION I11-D
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By propositions |, 11, and 111 we have shown this a determined game. It isimportant

to note our proof is dependent upon our using ORDI instead of ORD,,. If wetry touse
ORD,, (this nototation has no restricted T') instead, our proof breaks down in trying to

show that player 111 has awinning strategy. If we replace ORDE' with ORD,, in
Proposition I11-D, the proof breaks down in case (iii) and the two cases we considered in

case (iii) become (1) Ik (a,, &, @,, L , @y.,, X) JORD,, and (2)

Ox(ay, &, @,, L , 8y,,, X) JORD, . Asbefore case (2) doesn’t occur. However, even
though (X (a,, &, &,, L , ay,., X) JORD, and (ay, &, @,, L , 84,4, 3y, ) JORD, we
aren’t ableto conclude that [y (a,, &, &,, L , a,,, ¥) JORD, and

Ey(ao, a,a,, L ,ay.,, y) [JORD,,. However, we need such ay in order to avoid the

probability of for each z, either player | or player Il has awinning strataegy at

(ao, a,a,, L, ay.,, z) - player | for some Z's and player Il for the remaining z's.
Remarks: We remark here about where the non-helping rules were used. When

( YOORD, , the definition of ORD, was used to define awinning strategy for player | and
none of the non-helping rules were used. When ( YOJORD! , we used 111 Z#F7 1 to
define awinning strategy for player I1. When ( )JORD, and ( )DORDE',Weused

| 211 and 11 22 | to define awinning strategy for player 11,
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CHAPTER 4

SHOWING THE DETERMINACY OF THE
BIASED GAME (CHAPTER 3) ISOPTIMAL
In Chapter 3 we proved certain three-player biased games are determined (see

Theorem 3.19). In this chapter, we show that such determinacy is optimal. We show that

for any two of the three non-helping conditions, III%“(I , Ilml , or

I;ﬁ/ﬁﬂfll , the collection of games which satisfy those two conditions is not

determined. For each of the three conditions, we provide a nondetermined gamein which
that condition fails but the other two are satisfied.

In our first case we shall define a nondetermined three-player game G in which

players| and |l have open payoff sets and which satisfies III%"{I and

| 0Lt Il . By Theorem 3.19, G cannot satisfy II;@‘E»/I since otherwise G would
be determined.
Theorem 4.1. Theorem 3.19 with II%"@/I omitted isfalse, i.e. there exists a

nondetermined game G in which the payoff sets of players| and Il are respectively open

sets O(D) and 0 =O(1) and which satisfies 11 D81 and | DL 11
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Proof. Let A beany set with at least two elementsand let M [0 A. We shall present a
three-player (nondetermined) game G =G;, (O(D), 0,6 (D)) that satisfies the above

theorem:

I3 8 &,
G 1 a a, L A0 L .
Il & & A3

Player | winsiff a, =M. Player Il winsiff a # M. Player |l never wins, and player

[’ s payoff set isthe open set O(0), which isjust the empty set. Below we define D

andin Claims 4.3, 4.4 and 4.5, we respectively prove that G satisfies III;’%“(I and

Iyﬁﬂﬁﬁll and that G is not determined.

Let D be the collection of all finite sequences of the form (a,, M) where a, D A.
Player I’s payoff set isthe open set O(D). Note that:
f DO(D) iff Og,(a,, M) O f .
ORD?'D(E)):O iff {)D(ao, M) for some a,.
Let & (p) denote a, when p=(a,, a, &, L , a5, a,). Notethat

orD?® (p) =0 iff In(p)=2 and & (p)=M .

Lemma4.2. If In(p)<1, then orRD®® (p) 1 ,i.e. p hasno ORD®®-value.

Assume In(ﬁ)sl. Suppose p has ORD*" . First wenotethat ¢ 0 p such that
In(4) =1 and § has ORD?® .

If In(p)=1,let §=p.
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If In(p)=0,then p=( ). Recal ORD®(p) . . By the definition of ORD?°0,
B =, ORD®® () >0 since In(p) <1. By the definition of ORD?® , [, such that
p(@,) =(a;) has oRD® < ; inthis caselet 4= (&) =(a,).

Soin either case, we have q O p, In(a) =1, and ORD?‘D(a)l . Let 5=ORD,3’D((5).
By the definition of ORD°0, J>0. By the definition of ORD>®,

(a, ORD>P (a)(al)) | and <9,
Oa,0a, ORD>? (([q)(ai, a,))! and <7,
and Oa0a,[A, ORD?‘D({])(al, a,, &))! and <J.

Pick a, #M, pick any a,, and select an a, that satisfies ORD,B’D(([,])(al, a,, &))<d.
Then ORD?® ({q)(al, a,, a,))=0,<J. If 4 =0, wearedone.

If & >0, then by the definition of orD”,

Da,0a,Ch, ORD® (0(a,, 8, L , &, 3,)) ! andis <d,.

Pick any a,, pick any a,, and select an a, that satisfies
orD}® (('(a, &, L , &, a,) <4, Then orD}® (¢(a,, a,, L . &, &))=4,<4,. If
9, =0, we are done.

If J, >0, we continue in this manner unless/until wereach J, =0. Since decreasing

sequence 0> 9, > 9, >L of ordinalsisfinite, eventually we do have J, =0. Thuswe
obtain oRD?® (¢)(a,, &,, a;, L , ay,,, a;,)) =0 andso a =M. Thisisacontradiction

of a #M. Thusif In(p)<1, orRD®® (p)1 . , (Lemma4.2)
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Claim 4.3. orD®(p) ¢ iff In(p)=2 and & (p)=M.
(O) First show if the In(p) =2 and a,(p) =M, then p has ORD®.

Suppose a,(p) =M, i.e. p=(a, M, &,K , a,,, a,) for some &, a,, a,K ,
a,,, a,. By thedefinition of ordinals of aposition, ORD3® () =0 so that ORD?® () & .

(=) Nextwe show, if p hasorD?>®, then In(}5)22 and al(}ra) =M.

Suppose p=(a,, a.K , a,,, &,) has ORD?®. From Lemma4.2 we have
In(p)=2 and n=1. Let orRD3 (p) =3, and show a, (p)=M." We show this by
inductionon f3.

For the Base Step, f=0 so that OrRD° (a,, a,K , a,,, &,) =0, and by the
definition of ORD*° (p)=0, & =M.
For the Induction Step we assume £ >0 and the Induction Hypothesis that:
forany =(a, &K, &, a) inwhich orRD?® (4') <,
wehavej>1and a,({)=M.
Now we must show a, (p) =M, knowingthat orRD®® (p) = 3. First weshall find
&D(ao, a, a,L ,a,,, a,) suchthat orRD}" (cr1)1 andis < 3.

Casel: n=3k forsome k=0.

Recall ORD}® (a,, &K , @y, & )=/3>0. By thedefinition of ORD}*,

Ox, %, ORD?® (PX(x,, X,, %)) < 3. (1)

Since B>0, pick any x, =a,,,,, pick any X, =a,,,,, and select an x, = a,,,, that makes

d r -_—
! Therefore, orRD™ (p) = 0.
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(1) true. Then ORDE® (P (@yrs Burrr Bus)) <. Welet § =4 D@y, Bz Byes)-
Wehave 4 0 b, orD*® (§) ¢, and ORD?® (§) < 3.
Case2: n=3k+1forsome k=0.

Recall orRD?® (a,, &K , 8y, 8y.,) = B. By thedefinition of OrRD?®,

(0% ORDY (P, X,)) < B. ()

Since >0, pick any x, =a,,,,, and select an x, = a,,,, that makes (2) true. Then
ORD?® (P (8yyss» Bya)) < B. Welet =4 B(ay.rr ay.s). Wehave 0 b,
ORD?P (a)l , and OrRD>P ((5) <p.
Case3: n=3k+2 forsome k=0.

Recall orRD?® (a,, &K , 8y.1, 3y.,) = B. By thedefinition of orRD?®,
I
% ORD;° (P06)) < 8. (3

Since B3>0, select an X, = a,,, that makes (3) true. Then ORD}® ( {))(agm)) <fB. We

I _ 1) 1 1 I .
let =4 P’(ae.s), A0 P, ORD, (q) ¢, andis < 3.

Thus by Cases 1, 2, and 3, we have 4 0 (a,, a,K , a,,, &,), ORD®(§) 1 , andis
< B. By the Induction Hypothesis, a,(q) =M. Since In(p)=2 and 40 p, a (p)

exists and equals al((ﬁ):M. , (Claim4.3)

Next we compute T"° and ORD?,‘ED for the game. Recall from Chapter 3,

T'° =, {b=(a, &K, a,,)orR0¥° () 1} . By Claim4.3,

0 ={b=(a, a K , a,.)un(b)<10ra(h)=M}.
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Since the payoff set for player Il isempty, no p has ORDﬁ’E'D -vaue of zero (by
definition of ORDﬁ'TE"DO). By induction on £, one can provethat no p has
orRD®L" -value B. Thus ORDZL” (p) 1 for every b, sothat:

orD3T" =0, (1)

We now show that G satisfies I1l DEP= 1 and | DIEA47. 1

Claim 4.4. G satisfies Il L%

Suppose b:(ao, a, &, L, ay, a,,)00RD and [y suchthat p)(y) DoRD®® .
We shall show that player |11 must play a,,,, such that b)(a3k+2)DORD,3'D. We know
In(b)zl. By Claim 4.3, ai(y'a) #M sothat Oa,,,, al(b)(agm)) # M. Therefore

Hay, ., b) (Bgesr) DORD,3'D by Claim 1 again. Thus player 111 can pick any a,,,, and

player | will not be helped. , (Clam4.4)

Claim 45. G satisfies | DL 11

Suppose P=(ay, a.K , 8y, ay,)0T'°\orRDST” and [y such that

[5)(y) OT'™®\orD>." . We shall show player | must play a,, such that

11,0

p)(a,) 0 T'® \0RD™” . Since ORDE™ = (1 by (i), T'®\ORDY™ =T'°.

11,0
Cael: k=0.

Then p=(( )) and player | sdlectsany a,. Since In(p(a,)) <1, P'(a,) 0T by
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Lemma4.2.

Cae?2: k=>1.

Then In(p) = 2, and by the definition of T'® and by Claim 4.3, & (p)#M since
POT'®. Let player | selectany a,, . Since a,(pl(ay))=a(p)zM, p(a,)OT'®.

In both Cases 1 and 2 [lay, E))(agk) OT'® =T \orp3T,". Thusplayer | can choose

any a, and player Il will not be helped. , (Claim4.5)

By Claims 4.4 and 4.5, G satisfies 11l <1 and | DEEAT 11
Claim 4.6 Thegame G =G}, (O(D), O, G(D)) is not determined.

Proof. Let o beastrategy for the game presented here. We will show o isnot a
winning strategy for any player.
Case l: Assume o isastrategy for player I.

Let {/:(ao, a.K,a,, a, K) bealega play accordingto o, in which player Il
selects a, # M. Since a, # M, y isnot awin for player |. Therefore, since y is
accordingto g, o cannot be awinning strategy for player I.

Case2: Assume o isastrategy for player II.

Let {/:(ao, a,K,a,, a, K) bealega play accordingto o. Sinceplayer Il has

an empty payoff set, ¥ isnot awin for player II. Therefore, since Y isaccording to

o, o cannot be awinning strategy for player I1.
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Case 3: Assume o isastrategy for player I11.

Let {/:(ao, a.K,a,, a, K) bealega play accordingto o,inwhich player II
selects a, =M. Since a, =M, Yy isnot awin for player I1l. Therefore, since y is
accordingto o, o cannot be awinning strategy for player 11l. Thus o isnot awinning

strategy.

Thus, by Cases 1, 2 and 3, the game G is not determined.

, (Claim 4.6 and Theorem 4.1)

Next we shall define a nondetermined three-player game G in which players| and 11

have open payoff sets and which satisfies II;@‘E(I and Iyﬂ%ﬁﬁll . By Theorem

3.19, G cannot satisfy III;’%‘{I since otherwise G would be determined.

Theorem 4.7. Theorem 3.19 with III;’@“(I omitted isfalse, i.e. there exists a

nondetermined game G in which the payoff sets of players| and Il are respectively open

sets O(D) and O(E) and which satisfies ||;ml and |;‘E[’/Eﬁﬁn.

Proof. Let A beany set with at least two elementsand let M [0 A. We shall present a
three player (nondetermined) game G =G, (O(D), O(E), 0) that satisfies the above
theorem:

g 8 &,
Gl a a, L L= L .
al & S Aanez



Player | winsiff a, =M. Player Il winsiff a, Z M. Player Il never wins and player

[1I's payoff set isthe empty set. Below we define D and E, and in Claims 4.9. 4.10, and

4.we respectively prove that G satisfies II;@‘E(I and Iyﬂ%ﬁﬁll , and that G is not
determined.

Let D be the collection of all finite sequences of the form (a,, &, M) where
a,,a OA. Let E bethe collection of all finite sequences of theform (a,, a, a,,) where
3.a,8,JA and a, # M. Let a,(p) denote a, when p=(a,, &, a, L , a,,, a,).
Player | and I’ s payoff sets are the open sets O (D) and O (E) respectively. Note that:
f DO(D) iff Ca,Ch, (8, a, M) O f.
ORrD?® (p) =0 iff a,(p)=M for some a, a.
orDZ® (p) =0 iff In(p)=23 and a,(p)=M.
hOO(E) iff [, Cah, (a,#M O (ay, &, a,) 0h).

3 TP

ORD} £ (6):0 iff az(yra)i M for some a,, a,.

Lemma4.8. If In(p)<2, then orRD®*® (p) 1 ,i.e. p hasno oRD®-value
This proof is analogous to the proof of Lemma4.2 in Theorem 4.1. Assume

In( |5) <2 and orRD?® ( |5) | (towards acontradiction). First find q O p such that
In(cr]) =2 and ORD™ (Cr])l . By the definition of ORD?”0 and ORD® , we have
J=0rD%* () >0,

Oa, ORD>" (cﬁ)(az)) | and <9,
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Oa,Ca, ORD? (('q)(az, a,)) ! and <J.
Pick any a, # M, and select an a, that satisfies orRD*® (§'(a,, a;)) =3, < 3.

By the usual construction, 0§41 §’(a,, a,) suchthat ORD* (§h=0. Since

orD? (§)=0, a, (=M, - — of a,(§h=a, M. , (Lemma4.8)

Claim 4.9. orD®(p) ¢ iff In(p)=3 and a,(p)=M.
This proof of Claim 4.9 is analogous to the proof of Claim 4.3 in Theorem 4.1.
(0) If a,(p) existsand equals M, then ORD®® () =0. Therefore an ORD?®-
value exists.

(=) Next, show that if orRD®® (p) 1 , thenthe In(p)=3 and a,(p) =M.
Suppose ORDf'D(b) | . Thenby the Lemma4.2 In( b) >3. Just asisthe proof
of Claim 1 of Theorem 4.1, one can prove by induction on 3, that if 3 =0RD>" ((5) L,
then a, () =M. Thenitwill follow that a,(p)=M since orRD3® (p) ¢ .

, (Claim4.9)

Asusual, let T'° =, { p| 0q 0 p orD?° (q) 1} . By Claim 4.9,

r r r
T'° ={p=(a, &, &, L , a,)|In(p)<20ra,(p)=M}. ($)
Recall player I1’s payoff set isthe open set O(E) and E isthe collection of al finite

sequences of theform (a,, &, a,) where a,,a,,a,0A and a, # M. Also:

hOO(E) iff (a,Cah, (a,#M O (a, &,a,)0h).
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Remark 1: By definition, not only is pOT"® when both In({J)>3 and az( p)#M, but
in fact:

orRDIL’ () =0 iff In(p)=3 and &, () % M
Since orD®L” () ¢ implies pOT'® and since (In(pr))>3 O pDT'D):>a2( p)#M, by
($) we have:
Remark 2: If In(|ro)23, then ORDﬁ'E'D(|ro)1 - a2(|ro)¢M - ORDﬁTEID(E)

)=0.

Claim 4.10. Oa,(la, ORDZL (&, &) =1.

3T'P

Pick any a, and a,. Wewill show ORD} (a,, a)=1. By the definition of

ORD}E , wemust show (&, a)0T"” and 0a, 0T ), ORDIE (&, &, &) <1. The

e (80, &)’
former, (a,, a)0T", follows by Lemma4.1. To show the atter, pick any a, 0T, |

and show ORD®L" (a,, &, &,) =0 whichiscertainly <1. Since a, 0T .,

(a, &, a,)O0T" and a, # M by ($). Therefore ORDIIE (ao, a, a,)=0

, (Claim 4.10)

Claim 4.11. Oa, ORDIL (&) =2.
Pick any a,. By Lemma4.1, 8, (0T'®. Toshow ORDZL" (&) =2, show (B, such

that (&, &)0T" and ORDZL" (&, &)<1. Claim4.10 gives usthisfor any a,.

, (Claim4.12)
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Claim 4.12. orDZL" ({ ))=2.

By Lemma4.8, ( YOT'®. Weneedtoshow 0(a,)OT"°, orRDZL” (8 )<2. This

follows immediately from Claim 4.11. , (Claim4.12)

Remark 3. ORDZL" (( )) ! andisequal to 2, even though player Il has no winning

strategy and in particular ORD;® ({ )) 1 .

Claim 4.13. orD3L” (P) ¢ iff In(p)<2 or a,(p)#M. Hence T'® =orDL" by ($).
Thedirection O follows by Claims 4.10-4.12 when In( 15) <2 and by the O
direction of Remark 1 when In( |5) >3.

Thedirection = follows by Remark 2. , (Claim4.13)

We now show that G satisfies II;@“@/I and Imﬁll so that in fact followed

players| and Il cannot help each other.

Claim 4.14. G satisfies 1| LItL1.

Suppose p=(ay, a.K , ay, a, )JORD®® and [y suchthat p’(y) JORD®®. We

shall show that player 11 will play a,,,, suchthat p’(a,..,) JORD®®.
Casel: k=0.

Then [r):(ao). Let player Il select any a,. Sinceln(b)(al))sz, b)(al)DORD?,D
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by Lemma4.8.

Cae?2: k=>1.

Then In(B)ZS and ag(ﬁ)i M since pJORD®®. Let player Il select any a,,, .

Then a,(p(ay..)) =a, () # M.
In both cases (i) and (ii) Oa,,,, p’ (3,..,) JORD?® . Thus player Il can choose any

a,.,, and player | will not be helped. , (Claim4.14)

Claim 4.15. G satisfies | QLT 11

We show that if {J:(aO! a, a, L, By y» ask-l)DTl'D\ORDﬁ:rEID and if oy such that
P (y) DT'° \orRD?T”, then player | must play a,, suchthat p(a,) OT'®\ORD3L". By

Clam5, T'° \ORD,S,*E'D =0 so that the antecedent (of what we need to show) is always

fase. Therefore player | cannot help player I1. , (Claim4.15)

By Claims 4.14 and 4.15, G satisfies I| DI 1 and | D 1F2473. 1.

Claim 4.16. Thegame G =G}, (O(D), O(E), O) isnot determined.

The proof of this claim is analogous to the proof of Claim 4.6 in Theorem 4.1.
Let o beastrategy for this game. We shall select alegal play

y=(ay, a,K , a,, a,K) thatisaccordingto o, but witnesses that ¢ is not awinning

strategy. If o isastrategy for player |, we pick y accordingto o in which a2(|ro)¢ M.
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Thisresultsin Yy isnot awin for player |, so ¢ isnot awinning strategy for player I. If
o isastrategy for player I, wepick y accordingto o inwhich az([r)) =M. This
resultsin Y isnot awin for player 11, so ¢ isnot awinning strategy for player II. Since

player 11 has empty payoff set, o cannot be awinning strategy for player 1ll. Thus o is
not awinning strategy.
Therefore the game presented here is not determined.

, (Claim 4.16 and Theorem 4.7)

Next we shall define a nondetermined three player game G in which player | has the

open payoff set 0 =O(0), player |1 has an open payoff set, and G satisfies III;’%"{I

and II%‘E(I . By Theorem 3.1, G cannot satisfy I;T'j/ﬁﬁll for any E that

generates player |1’s open payoff set since otherwise G would be determined.

Theorem 4.17. Theorem 3.19 with I;'l'jj/ﬁﬁll omitted isfalse, i.e. there exists a

nondetermined game G in which the payoff sets of players| and |l are respectively open

sets 0 =0(0) and O(E) and which satisfies 11l 2P| and Il DI

Proof. Let Abeany set with at least two elementsand let M O A.
We shall present athree player (nondetermined) game G =G}, (D, O(E), o] (E) )

that satisfies the above theorem:
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I & 3, 8,
G 1 a a, L A0y L.
al & 22 ez

Player | never wins and player I's payoff set isthe open set O(0), whichisjust the
empty set. Player Il winsiff a, =M. Player Il winsiff a, # M. Player II's payoff set
isthe open set O (E) .Below we define E and in Claims 2 and 3, we respectively prove
that G satisfies 11l D=1 and Il D71 and that G i not determined.

Since the payoff set for player | isempty, no p has orD>" 0 (by definition of
orD>"0). By induction on 3, one can provethat no p has orRD*" of value B. Thus
orD?*” (p) 1 for every p, and the orD*” =01, Recall
T =, { [r)‘ 0§ o E)ORD,S'D (cr]) T} . Since ORD>® =00, T"° equalsthe set of al finite
sequences p.

Let E be the collection of all finite sequences of the form (M ). Note that:

hOO(E) iff (M)Oh.
orDL" (P) =0 iff pO(M),i.e orRDZ™ (P)=0 iff a,(p)=M.
Since T"” = A, ORD3L" (E)) = ORDﬁ’E(E)) =0 iff aO(E)) =M ; theorefore our restricted

. a . . .
ordinal-values ORDZL isthe same as the non-restricted version ORD3E.

Lemma4.18. ORD:®(( )) 1 and ORDIL (( )1 .

This proof is analogous to the proof of Lemma 4.2 in Theorem 4.1 for ORD® .
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Assume ORD® (( )1 or ORDL (( )) 1 (towardsacontradiction). Then

ORD3E (( )) 1 and ORDZL™ (( ))+ and ORD3E({ ))=ORD3L" (( }). By the definition
of ORD}F, we have

Oa, ORDF(a,) ¢t and <ORDYF(( ).
Pick any a, # M. Then ORD}®(a,) ! .

By the usual construction, Op OJ (a,) suchthat ORD,S,'E(E)) =0. Since

ORDﬁ'E(b):O,aO(E)FM, - - ofao(ﬁ)iM. , (Lemma4.18)

Claim 4.19. ORDZ®(p) 1 iff In(p)=1 and a,(p) =M.
This proof of Claim 4.19 is analogous to the proof of Claim 4.3 in Theorem 4.1

for orRD?® .

0) If &, b exists and equals M, then ORD’*® b =0 and therefore the ordinal
( ) ( I}
exists.

(=) Suppose ORDﬁ’E([S) | . Thenby Lemma4.18 In( 15) >1. We show ao([r)) =M.
Construct § 0 p such that ORD3E () =0. Then & (q)=M. Since §0 p,

8 (P) =2, (4)= M. , (Claim 4.19)

We now show that G satisfies III;’%"{I and II;%E»/I.

Claim 4.20. G satisfies 1l P21 and Il DI\
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Suppose p=(a,, &,K , ay,, a, )OORD, and [y such that p’(y) TorD®” . We
shall show that for any a,,,, and a,,,, respectively played by players 1l and I11, such that
neither p’(a,.,) DORD> nor p(ay.,, a,.,) JORD>” . Since
|5:(a0, a,K , &y, &, )OORD" , thenfor any a,,,, played by player Il
p)(a,..)00rRD*" . Since p’(a,.,) JORD”, then for any ay,,, played by player 11
[r))(aSM, a,.,) JORD*” . Thusfor any a, ., and a,,,, played by players|l and 111,

respectively, p’(a,,,) JORD}" and p(ay,, ay,,) JORD?" . , (Claim 4.20)

Claim 4.21. The game G =G, (0, O(E), G(E) ) isnot determined.
Let o beastrategy for this game. We shall select alega play
y=(ay, a,K , a,, a, K) thatisaccordingto o, but witnesses that o isnot a

winning strategy. Since player | has an empty payoff set, o cannot be awinning strategy

for player I. If o isastrategy for player 11, we pick Yy accordingto ¢ inwhich

ao([r)) =M. Thisresultsin ¥ isnot awin for player Il and o isnot awinning strategy
for player II. If o isastrategy for player 111, wepick Y accordingto o inwhich
ao(;r))i M. Thisresultsin y isnotawin for player Il and o isnot awinning strategy

for player I1l. Thus, o isnot awinning strategy.
Consequently, the game presented here is not determined.

, (Claim 4.21 and Theorem 4.17)

By Theorems 4.1, 4.7 and 4.17, we have shown that it isimpossible to prove any



version of Theorem 3.19 which omits at least one of the non-helping hypothesis,

O, 1 OB and | DB
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CHAPTER 5

PERMUTING THE PLAYER'SROLES

The proof presented in Chapter 3 had assigned players | and 11 with open payoff sets.
In this chapter we will verify that assigning the two open payoff setsto other players does
not change the determinacy of the games as long as the non-hel ping conditions are al so
adapted to reflect those changes. The non-helping conditions presented in our
“permuted” games will follow those conditions stated in the proof of Chapter 3, i.e. the
players with the open payoff sets do not help each other and the player with the
complemental payoff set does not help the player with the “primary” open payoff set.
Since the payoff setswill be assigned to other players, the definitions of the ordinals of
positions for those players will aso be changed.

In the main theorem of Chapter 3, players| and Il were assigned open payoff sets
O(D) and O(E), and ORD® was used to obtain awinning strategy for player I,

whereas ORDﬁ’TE"D (not ORD’F) was used to obtain awinning strategy for player 1.

We next verify that our proof was not dependent on our choice of players with open
payoff sets and the non-helping conditions for the three players. Suppose X, Y, Z are
playersl, I, 111 in an arbitrary order. We wish to verify that our proof of Theorem 3.19
gives determinacy of the three-player biased open gamein which X, Y and Z respectively

taketherolesthat I, Il and 111 had in Theorem 3.19.
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Definition 5.1. Definition of the canonical three-player biased open games.

(i)

(i)

(i)

Let D and E be perpendicular sets of positions, let {X, Y, z} ={1, II, llI} , and

let T*° :{ 6‘ 00 0 p orD%° (q) T} . Wedefine G, , , (D, E) tobethe
three-player biased open game in which players X and Y respectively have

O(D) and O(E) aspayoff sets and in which G satisfies: Y DL X,

X P Y and Z DBTE X

A three-player game G is a canonical three-player biased open gameif G is

G

(X, Y z)(D’ E) for some permutation X, Y, Z of players|, |1, 111 and for some

any sets D and E of positionssuchthat D O E.

Let (Y, E) L (X, D) abbreviate Y DBRI X and X OEH Y .

(Recall the definition of ORD ;. from Definition 3.8. We drop D and E if these

are clear from the context.

Notice (Y, E) I (X, D) isnot equivalent to (X, D) I (Y, E), which

abbreviates X LITL Y and ¥ O ET- X .

At the end of this section, in Theorem 5.4, we prove that all canonical three-player

biased open games are determined, i.e. we show G(

(D,, D,) isdetermined for

X1, X5, X3)

any sets D, and D, of positions such that D, J D, and for any permutation X,, X,, X,

of I, I, Il. Wefirst prove afew special cases of thisin Theorem 5.2 and 5.3 asawarm-

up. Thereader can skip to Theoreom 5.4 and its proof without any loss of generality.
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Our initial caseisaproof in which players| and 111 have open payoff sets.

Theorem52. G ) (D, E) isdetermined for any pair of sets D and E of positions

suchthat D O E. That is, we have the determinacy of any three-player biased open game

G with players | and 111 having open payoff sets O(D) and O(E), and in which G

setisfies 111 CITE 1, | QT2 111 and 11 DT

Proof. Suppose D O E. Let usconsider athree-player game G in which players | and

[11 respectively have open payoff sets O (D) and O(E):
I a g, 8,
G 1 aQ a, L Qg L.
Il a, 8 8042

We shall eventually show that G is determined if G satisfies (111, E) &% (1, D)
and II;@‘@?I . In particular, the canonical three-player biased open game
Gy 1y (D E) isdetermined. (Recall orp®, T'® ={ p| 04 O p orD?® () 1}, and

ORD,SI‘lTéD from Definitions 3.9 and 5.1.)

First let’s summarize which non-hel ping conditions shall be used to construct

winning strategies for which players. When ( Y[JORD?®, no non-helping conditions

shall be required to define awinning strategy for player I. When ( YJORD>™.”, we shall

e

use II;‘%‘T_L/I to define awinning strategy for player 11l. When ( OT'°\orD3T:
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we shall use (lll, E) (I, D) to define awinning strategy for player I1.

Claim 4. G is determined if G satisfies 111,(E) A 1,(D) and 11 031

Thisfollowsfrom Claims 1, 2, and 3 below.

Claim 1. If ( YOORD®, then player | has awinning strategy for G.

Suppose ( YJORD®. By the definition of ORD®, [, such that
ORD;® (a,) <ORDI® (( ) if orRDP®(( ))#0. Inthiscase, player I's strategy isto play
a, suchthat orD{° (a,) ¢ andis <orD®®(( )). By thedefinition of ORD}”,

Oa, [ ORD;® (8, &) < ORD}® (a,) |. Therefore, once player Il plays a,, we have

oRD;® (ay, &) | andis <ORD}®(a,). By the definition of ORD}®,

Oa, [ ORD}® (&, &, a,) < ORD® (&, &)]. So, onceplayer Il plays a,, we have
orD?® (ay, &, @,) ¢ andis <ORD” (a,, & ). Suppose play continues through each
inning in this manner with player | playing according to his strategy to strictly decrease
the value of ORD™” . Eventualy aposition is reached with ORD™" -value of zero since a

decreasing sequence of ordinals isfinite; then player | winsthe game. , (Claim1)

Claim 2. If ( )OJoRDY; and G satisfies II;'%%I , then player 111 has awinning
strategy for G.

Suppose ( YOORrRD*™” and G satisfies Il O |. Since ( YOT'®, by the
ILE
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definition of ORD;® , Day[ (a,) OT" ] (i.e. (a,) JORD;®). By the definition of

37"

orDy'. , Oa, OT'™ [ORDﬁféD (a) SORDﬁ’,TéD (¢ ))} Therefore, once player | plays a,,

we have ORD. () ¢ andis <orRDY (( )). We shall show DLal[a1 DT(gz)}l

follows from (a,) 07" and II;”%‘E?I by what we shall call the Sup/NH (Sup/Non-
Helping) Argument.

Sup/NH Argument Since (a,)0T", by the definition of OrRD?®, (a,, &) JORD}® for

some move a (T, by player Il sothat it is possible for player |1 not to help player I.

@)
Therefore, since II;*%@I , we have (&, a)JORD®® for any legal
movea,, i.e. DLal[a1 DT(IéDO)] . (Sup/NH Argument)

By the definition of orRDY. , (a, T2 [ORDﬁ’,TéD (2, a)<ORDY (ao)} Therefore,

(@)

since DLal[a1 DT('gaz)J , once player 11 plays alegal move a,, we have ORD,B,’lTéD (a9, &)

andis <orD¥. (a,). By the definition of ORDZL ,

T8, OT(2 o, | ORDIE (%, &, ) <ORD}L (a, &) | unless oRD}” (a;, &)= 0.

37'P

Player |1’ s strategy isto play such an a, whenever ORD); ¢ (ao, al) >0. Suppose play

continues through each inning in this manner with player 111 playing according to his

strategy to strictly decrease the value of orRD3" . Eventual ly aposition is reached with
1L,E

ORDﬁ’lTéD - value of zero since a decreasing sequence of ordinals is finite; then player I

! 0"a, abbreviates“for al legal moves a,”.
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wins the game. , (Claim2)

Claim 3. If ( )OT'®\orDZTL (i.e ( )OORD® and ( YORDTL ) and G satsifies

(m, E)%(I, D), then player Il has awinning strategy.
Suppose ( YOT'° \oroZ,” and G satisfies (11, E)%(l, D). Since

( YOORD?®, by the definition of ORD?® a,[ (a,)OT"]. Since ( )OORD;. and

I;E'l%e‘ﬂfl I, by the Sup/NH Argument, we have "4, [ao OorD3T. } 2 Therefore,
since Ca, [(ao) O T"D] , Oa, [(ao) OT'"°\orRDZTL } . Since (a,) OT"®\0RDZ; , by the

usual sup-argument, there exists a, OT., such that (a,, & )JORD3 ; itisplayer II's

@)

strategy to play such an & (sothat (a,, a)0T">\orDY; ). Since (&, &)0T' and
Illml , by the Sup/NH Argument, we have 0'a, [ (a,, &, a,) JORD;” |, i.e.
DLaz[a2 0T, al)} 2 Since (a,, &)0ORDY. , by the definition of ORDI. |

(2, &, a,)0ORDIT. . Therefore, once player 111 plays alegal move a,, we have

(2, &, &) 0T \ORDYT. for any move a, 0T, o) - Suppose play continues through

?Since ( YO ORDﬁféD , by the usual sup-argument for some move a, 0T'°, a, 0 ORDﬁ’lTéD . Thereforeit

ispossible for player | not to help player 111. Since Imlll , for any legal move a, by player I,

3T'?
we have a, DORD ¢ .

* Since (a,,a,) JorD;"”, by the usual sup-argument for some a, [ T('E‘;’ a)’ (a,.8,a,) J0oRD®.

Thereforeit is possible for player 111 not to help player |. Since III@%’{I , for any legal move a, by
player 111, we have (a,,a,.a,) 0 oRD.® .
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each inning in the above manner with player |1 playing according to his strategy to keep

the play out of ORD*® and ORD?; . Player | will not win since the ORD?® -value

diverges at every position (and will never reach zero). Player 111 will not win since the
37P

ORD,, . -valuedivergesat every position (and will never reach zero). Therefore player

Il will winif he plays according to the above strategy. , (Clam?3)

Consequently, by Claims 1, 2, and 3, determined is the three-player biased open game

Gy, 1.1y (D, E) which satisies (111, E) P (1, D) and 11 LT,

, (Theorem 5.2)

Our next proof will study the determinacy of athree-player biased open gamein

which players Il and 111 have open payoff sets.

Theorem 5.3. G(n " |)(D' E) isdetermined for any pair of sets D and E of positions

suchthat D O E. That is, we have the determinancy of any three-player biased open

game G with players Il and 111 having open payoff sets O (D) and O(E) and in which G

setisfies 111 CAEE 11, 11 DTE42 111, and | DAEE

Proof. The proof is essentially the same as that of Theorem 5.2 except here players | and
[l switch their roles from that in Theorem 5.2. Assume D O E . Let usconsider athree-

player game G in which players 1l and |11 respectively have open payoff sets O (D) and
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O(E):
I & 3 &,

G 1 a a, L Ay L .
Al & ES A3nez

We shall eventually show that G is determined if G satisfies (111, E) &P (11, D)
and I;’%@II . In particular, the canonical three-player biased open game
Gyi.m. 1y (D E) isdetermined. (Recall orD;”, T"° ={ E)‘ 04 O BORDﬁ’D(a) T} and

ORD3." from Definitions 3.9 and 5.1.)

First let’s summarize which non-hel ping conditions are used to construct winning

3D

strategies for which players. When ( YTJORD,~, no non-helping conditions shall be

3TII,D

required to define awinning strategy for player Il. When ( ) JORD;; ., we shall use

I;’%@II to define awinning strategy for player 11l. When. ( YOT"®\orD%".” , we

e

shall use (I, E)%(II, D) to define awinning strategy for player I.

Claim.4. G isdetermined if G satisfies (111, E) DR (11, D) and | IR

Thisfollowsfrom Claims 1, 2, and 3, below.

Claim 1. If ( YOORD®, then player Il has awinning strategy for G.
Assume ( )JORD:". The strategy for player Il isto play amove that strictly

decreases the value of OrRD?® until we reach a position with OrRD>® -value zero. Dueto
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the definition of ORD®" , no move by player | or I11 can take a position outside ORD:® or
to a position with ahigher OrRD® -value. Eventually any play according to player I1’s

strategy reaches a position with orRD>” -value of zero since a decreasing sequence of

ordinalsisfinite. Consequently, any such play isawin for player I1. , (Clam1)
Claim 2. If { )[JORD;~ and G satisfies | L2¥2. 1, then player 111 has awinning
strategy for the game G.

Assume ( )JORDY:~ and G satisfies I;@‘ﬁ/ll . Recall that here player | and I

switch the roles they had in Theorem 5.2. Otherwise this caseis similar to Claim 2 of
Theorem 5.2. Since ( YOT"? and I;‘%"Qﬁ/ll , by the Sup/NH Argument,
DLaO[(aO)DT”*D]. Since ( YOORDY:, O(a,)0T"®, orD¥:" (8) + andis
<orDTL” (( ) by the definition of ORDY[.~ . Therefore oRDY: (a,) ! and is
<orDTL” (()) for any legal move &,. Since (a,) DORDY:, (a,) OT"® sothat by
the definition of orD2®, (a,, & )0 T"® for any move a,. Since ( YOORDY:

Oa, DT('(;E’) ORDYT:” (ay, &)+ andis <ORDYT:~ (a,). Therefore oRDZL" (3, &) ¢

andis <ORDY. (a,) for any move a,. Since (a,, a)JORDY: , by the definition of

ORD,S,]T!D thereisan a, DT(';OD’ 2, Such that ORDﬁ{QD (a, &, a&,) hasastrictly lower

3,T”'D

ORDY.” -valuethan ORDYT. " (&, &) if ORDY:~ (a,, &)>0. Inthiscase, player Ill's

strategy is to play such an a,. Eventually any play according to player 111’s strategy
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. . I,D . . . .
reaches a position with ORD;”,‘IE -value zero since a decreasing sequence of ordinalsis

finite. Conseguently, any such play isawin for player I1I. , (Claim2)

Claim 3. If ( YOT"€ =, T"°\orD%.~ (i.e.( )OORD® and ( YOORDY: ) and G
satisfies (111, E)%(II, D), then player | has awinning strategy for the game G.
Assume ( YO T"®\orDZ2” and satisfies (I1I, E) LB (11, D). Thisclaimis
similar to Claim 3in Theorem 5.2. Since ( YOJORDS", ( YO ORDf’,‘,T!D , and since
(r, E)%(II, D), any legal move by players 1l and I11 will keep the play out of
each other’s ordinal, by the Sup/NH Argument. Since ( )DJORD: ", ([ (8,) OT"® ]
such that (aO)DORD;”,‘,TE'D ; player I’s strategy isto player suchan (a,)O0T"*, i.e
(a,)0T"? \ORD,S,'I!D . In general, player I’s strategy isto play to stay in T"F and

therefore stay out of ORD;® and ORDf,f!D . This strategy resultsin awin for player |

since any position according to this strategy does not have an ordinal-value of zero for

11,.D .
ORD;” and ORD},: " . , (Clam3)

Consequently, by Claims 1, 2, and 3, determined isthe game G, ,,, , (D, E) which

satisfies (111, E)%(II, D) and | BRI 11 . (Theorem5.3)

The next theorem is a generalized proof of Theorems 3.20, 5.2 and 5.3 that all
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canonical three-player biased open games are determined.

Theorem 5.4. All canonical three-player biased open games are determined, i.e. for

{X,, X5, X5} ={1,11, 1} and any pair of sets D, and D, of positions such that D, O D,,

G D,, D,) isdetermined. That is, we have the determinacy of any three-

(X1, X2, X3) (

player biased open game G with players X, and X, having open payoff sets O(D,) and

O(D,) andinwhich G stisfies: X, 0191, xl@i@;‘ﬁﬁxz, and
&%xl.

Proof. Let D, and D, be sets of positionssuch that D, 1D, . Let
{X., X,, X3} ={1,11, 11} . Let G be athree-player gamein which players X, and X,

respectively have open payoff sets O(D,) and O(D,). Wewill eventually show that G
s determined if G satisfies (X, D,) D& (X,, D,) and X, OISR X,. Thatis the
canonical three-player game Gixy x5, %3] (D,, D,) isdetermined.

Let T bethe entire game tree for the game. Inductively define T*+ asfollows:
() T =T\ 0rDT M fori<2.

Recall oRDST,"""™ is defined in Definition 3.5? o that:
(ii) ORDiiT’XD:'l'Di'l denotes ordinals of positions with respect to D; and for player X,

3YTXi—1vDi—1

' oy - r [ x.D
in the game tree "+ Inparticular oRD} " (p) ¢ = pOT 27,
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3YTXi—1vDi—1

(iii) ORDYTS ™ (P)=0iff pOT 4%+ and (OD, (b0 Y).
It easily forllows that:

(iv) Aplay y isawinfor player X, iff [k y(k)OD,
iff Ch>k orD3™, "™ (y(n)) =0.
Let’sfirst summarize which non-helping conditions are used to construct winning
strategies for which players. When ( ) JORD;™ , no non-helping conditions shall be

required to define awinning strategy for player X,. When ( )0 ORDf(*;X,;ZDl , we shall use

X39@fﬁxl to define awinning strategy for player X,. When ( YO T* \ORDijD“:l,

we shall use the non-helping condition (X, Dl))@,%(xz, D,) to define awinning
strategy for player X,.

We now generdize an often repeated Sup/Non-Helping Argument, introduced in

Theorem 5.2;

Sup/NH Lemma.* For athree player biased open game and for i =1,2, we have: If

pOTH o DLm[ |ro)(m) DTXH'DH] U isaplayer different than player X, such that

UD/T]XFD%}E“%Xi ,and if it is player U’sturn to move at position p, then

Otm[ P (myoTe ],

4 We will use the Sup/Non-Helping Lemma again in Chapter 6.
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Proof. Suppose pOT*® , O'm[ p)(m) 07424 ], Uz X, UWXi,md

it is not player X,’sturnto move. Show p(m)0T*+%+ and p (m)DORD3T T for
any legal move m.

Since pOT 0, pDORD3T P and since U # X, , by the sup-argument

DnDT)rgifl'DH[ )(m)DORD” - '1} Therefore, it is possible for player U not to help

player X;. Since UWXi,for any legal move m by player U,

p (m)DORD3T S Since DLm[ E))(m)DTxifl'DH] (by the hypothesis to the lemma),

O'm [ o) (M) OT* o =T ‘1D‘1\ORD3TXI_1DI_1:|. . (Sup/NH Lemma)

Claim 4. G is determined if G satisfies (X,, D) D& (X,, D,) and
X3J}“E’9f(xl, D,), that is the canonical three-player biased open game

G (Dy, D,) is determined.

(X1, X5, X3

This clam follows from Claims 1, 2, and 3, below.

Claim 1. If { yOJORD;™, then player | has awinning strategy for G.
Assume ( )JORDy*. Thestrategy for player X, isto play amovethat strictly
decreases the value of ORDy™ until we reach a position with OrRD;;™ -value of zero. No

move by player X, or player X, can take aposition in ORDi'lDl to aposition outside
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ORDy* or with higher ORD}™-value. Therefore any position completing alater inning

will ahaveastrictly lower ORDS™

-value than positions from earlier innings with
nonzero ORDi‘lDl -value. Therefore, since a strictly decreasing sequence of ordinalsis

finite, eventually a position is reached with ORDi'lDl -value of zero, so that player X, wins

when he plays according to this strategy. , (Claim1)

Claim 2. If ( )JORDy. . 1 (sothat ( YOORDE™) and G sdtisifies x39*gfcfxl, then
player X, hasawinning strategy for the game G.

Assume ( )DORDi':’XS;Dl and G satisfies X, OJP= X,. Wewill describe astrategy
for player X, such that positions according to player X,’s strategy arein OFengszlzD1
(and thereforein T*+"1) Player X,’s strategy will be to play amove that strictly
decreases the value of ORngZXDZDl until we reach a position with ORDi"IEZ'Dl -value of zero.
Since ( )OJORDY. o OyoTRm

Consider an arbitrary position p such that BDORDiZEz'Dl (and therefore {)DTXl'Dl).
We snall first show that if it isplayer X, or X, sturn, then for every legal move m:

p(myoTe, ORDY NG | Ir)(m)) 1, and ORD; NG (E))(m))SORDf(TDlZ ' (E))
If itisplayer X,’sturnto move, E))(m) OT*® for any move m by the definition of

ORD*. Ifitisplayer X,'sturn to move, then by the Sup/NH Lemma
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“m[ P (m)OT40 ], since: pOT, DLm[B)(m)DTXO] xgwf@fxl anditis
not player X,’sturnto move. Thusin either case, E))(m)DTxl’Dl,and since
pDORDf(TDl - ORD?JD: N )(m))1 and ORD3T o (p)(m))<ORD3T . (E)) by the

definition of ORD3T o0

Now supposeit is player X,’sturnto move. In thiscase, we describe player X,’s
strategy. Recall E)DORD?{:’XDZ If ORD3T . (|ro) >0, by the definition of ORD3T .
there existsamove mOTE™ such that ORD; NG (E))(m)) | and

37101

ORrRD 5 ( E))(m)) < ORD?ZE;DI ( E)) ;itisplayer X,’sstrategy to play such an m.

D
T“toa

In summary, any legal move by players X, and X, takesapositionin ORD
Xl’Dl . Xl’Dl .
positionin ORD' , * with no larger ORDY' , ~ -value and player X,’sstrategy resultsin
X,.D, ) ..
his making moves which strictly decreases the ORDy , ~ -value until we reach a position

X 'D . . - - - -
with orD3 ;* -value of zero. Since adecreasing sequence of ordinalsisfinite,

X,.Dy .
eventually a position is reached with ORDf‘gZDZ -value of zero, so that player X, wins

when he plays according to his strategy. , (Claim2)

Claim 3. If ( yOT*2P= = TXlDl\ORDBT P ie ( yOORDZ™ and ( )DORD3T g 1)
and G satisfies (X, Dl)%(xz, D,), then player X, hasawinning strategy for G.

Assume  YOT*+% = TP \0roZ o and G satisfies (X,, D,) L (X, D,).
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We will describe a strategy for player X, such that positions according to player X,’s

strategy arein T*2P2 = T \ORD3T ' then we shall show that the strategy must be a
winning strategy for player X,. We shall first show that no move by player X, or player
., . X D X D 3TX1’D1 .. -

X, cantakeapositionin T™»"> =T™*™\ORDy, , = to aposition outside
X.D X,.D 370 :
T7™ =T \ORDy , . Thenwe describe the strategy for player X.
1 X1’Dl - .
Consider an arbitrary position p such that |5DTX1'D1 \ORD} , . First supposeit is

3D1

player X, sturnto move. By the definition of ORDY % p’(m)OT*® for any movem

by player X,. Then O'm |E>)(m)DTX2'D2 by the Sup/NH Lemma, since; |roDTX1'D1,
1

XD

DLm[E))(m)DTXPDlj, X, 00 X,,and itisnot player X,’sturnto move.

2
Therefore, since |ro) DORD‘QI’XS;Dl , for all legal moves m by player X,
r)(m)DTX1 D1\0RD3T g 1.

Now supposeit isplayer X,’sturnto move. Then DLm[ E))(m)DTxl’Dl] by the
Sup/NH Lemmasince: pOT*®: 0'm| E))(m)DTX"], szfﬂxl, and it is not
player X,’sturnto move. Since p’ (m) 0T and pDORD3T o , by the definition of
ORDXTDl > OmOTE™ [p)(m)DORD T l]. Therefore, for all legal moves m by
player X,, p)(m)DTX2 Pz = TX Dl\ORD3Tl >

In summary, any legal move by player X, or X, takesapositionin T*>" to a

position in T*zP:
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3T

Now supposeit isplayer X, sturnto move.®> Since }rJD TP and |roD ORDy o
by the usual sup-argument CmO T }5)(m) DORDf(‘IXDZD1 2 The strategy for player X, is

to play such an minwhich P(m) 0770 = T2 \ orDZT 2
Consequently we have shown that:
pOT % = pPmDOT" (§)
when misalegal move by players X, or X, or when misamove by player X, and
p’(m) isaccording to player X,’s strategy.
Suppose Y isaplay according to player X,’sstrategy. Since ( YO T*>"2, by (8§),

- X,Dp — TXg.D; 37D - . 3D,
y(n)OT™ =T™™\0RrRDy, ,  for every n. Therefore y(n) has neither ORD; ™ -value

Xl’Dl . . 1 .
of zero nor ORD‘Q;DZ -value of zero so that neither player X, nor X, wins. Thus y isa

win for player X,. , (Clam?3)

Thus, by Claims 1, 2, and 3, the canonical three-player biased open game

G D,, D,) isdetermined. , (Theorem 5.4)

(X1, X5, X3) (

Aswe noted after Theorem 3.19, the same conclusion can be formed after Theorem

5.4. Players can be restricted to only make moves that do not stray outside the existing

5Since pOT ™™ by the usual sup-argument there exists amove m such that [r:)) (m OT™ Therefore,
since XS%{xl, E,)(m) OT"™ for any legal move by player X,
)

X1,D:
® That we can find one m such that both mDT)p,:“D1 and ;r) (m)DORDf(';DlZ1 isthe reason we used

3D,

. 3T74h
ORDy * instead of ORDY o, .
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ordinal values of aposition in acanonical three-player game:

Corollary 5.5. Let D, and D, be perpendicular sets of positions and
{X1, X,, X5} ={1, 11, 111} represent the three playersin any order. Determined isany

infinite three-player game of perfect information in which:
@) at most one player has a payoff set that is not open,
(i) at every position, there is amove m such that at the resulting position, no
player other than possibly the player making the move m has awinning
strategy, and

(iii)  each player isrequired to make such a move m.
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CHAPTER 6

DETERMINACY OF MULTIPLAYER
BIASED GAMES
In Chapter 5 we showed that with certain restrictions on aplayer “not helping” his
opponent we had determinacy of three-player biased open games. Theorem 5.4 gave usa
general proof to obtain determinacy of three-player biased open games. In Chapter 6 we
generalize the proof (of Theorem 5.4) to obtain determinacy of four-player biased open

games, and then further generalize the proof to obtain determinacy of multiplayer biased

open games.

In Defintion 6.2 below, we generalize the definition of the three-player game
Gx, x,.x,) (D1» D,) (from Defintion 5.1(ii)) to the four-player game
Gx, x,. x5, x,) (D1 Dy, D;) andin Definition 6.2 to (n+1)-player games

G(Xl.xz,K,Xnﬂ)(D]_’ DzyK y Dn) .

Gx, X, x5, x4 (Di» Dy, D3) we define to be the four-player biased open gamein
which:
(i) Player X; hasopen payoff set O(D;) for 1<i<3.

(i) Player X; cannot help player Y for every X and for every Y O{X, X,} such
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that (X, Y)#(X,, X,)*

Now let usbuild up to formally defining G x. . x,) (D D,, Ds)-

Recall Z;D%ﬁfY from Definition 3.10 for three player games. We shall

generalize this to multiplayer games.

Definition 6.1. Definition of player Z not helping player Y in T with respect to E in.
(i) A k-player game G satisfies Z 18Y#_. (Y, E,, T") (Read: player Z doesn't
“help” player Y intherestricted treg, T", of player Y with respect to the set E,

of positions) iff Y and Z are (different) players of the game G and the following

holds:

If qOT\ORDYT and if [z such that ¢’(2) DT\ORDX , then in the game G player Z

may only play m such that (5) (m) OT\ORDY ¢ .

(i) (ZE, T DEES (Y.E, T) abbreviates z 18%7 (v, E,, T') and

Y O (2, E,, T).
Notice Z 1589 (Y, E,, T") is our new notation for Z@%ﬁfY from
Definition 3.10. , (Definition 6.1)

Definition 6.2. Definition of the canonical four-player biased open games.

(i) Let D, D,,and D,, be pairwise perpendicular sets of positions and |et

150 X, [T, X" iis not one of the conditions.
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{X1, X5, X5, X} ={1, 11, 11, 1V} . which players respectively have
O(D,), O(D,),and O(D,) as payoff sets.
Inductively define T**'P' asfollows:
(@ T**Po =entire gametree.
(b) T*abm :{ pOT** D ‘ 040 p ORDi’iEE (a) T} :
When 4 and D; are clear from the context, we write T for T**i"7i

We define Gy x, x, x,)(Dy: D, D,) to bethefour-player biased open gamein
which:
o player X; has payoff set O(D,) for 1<i <3,

o Gsaisfies (x,, D, T%) D5 (x,, D,, T%),

(X,, DZ,TXZ)%(XS, D, T), (X,, Dl,Txl)E,%(XS, D,, T**), and
0 X, 02T, (X,,D,, T%), and X, DT, (X,,D,, T*) 2.
(i) A four player game G is acanonical four-player biased open gameif Gis
Gix, X, X5, xo) (D1» Dy, D;) for some pairwise perpendicular sets D,, D,, and
D,, and for some permutation X, X,, X,, X, of players|, I, I11, V.

, (Definition 6.2)

2 Other than aplayer being allowed to help oneself, only player X, the player with the complemental
(possibly non-open) payoff, may try to help another player and moreover player X, may only try to help

player X, , thelast player with designated open payoff. Helping and/or not helping X, is not defined since
he possibly doesn’t have open payoff.
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Theorem 6.3. All canonical four-player biased open games are determined, i.e. for

{X1, X,, X4, X} ={1, 11, 11, 1v} and for any pairwise perpendicular sets D,, D,, and
D, , of positions, Gy 4 . x,)(Dy: D,, D;) isdetermined. That is, we have the
determinacy of any four-player biased open game G with players X,, X,, and X, having

open payoff setsand in which G satisfies the following:

(X, D, T%) EES (x,, D,, T%), (X,,D,,T**) DEER (X,,D,, T%),
(xl,Dl,Txl)%(xs, D, T), X, 3~ (X,,D,, T), and
X4J]/*ﬁ’9f(xz, D,,T*?). Herewedrop the D, 'sand the T ’s (from the non-hel ping

4’Txi—lxDi—l

conditions) since these are clear from the context. We drop the D;’sfrom ORDy

since these are also clear from the context.

Proof. Let D,, D,, and D,, be pairwise perpendicular sets of positions. Let
{X1, X, X5, X} ={1, 11,11, 1V} designate the players and
G =G, x, x,.x,) (D1s Dy, D;) beasin the hypothesis to the theorem. We will show

one of players has awinning strategy.

Let’sfirst summarize which non-helping conditions are used to construct winning
strategies for which players. When ( Y[ ORDj‘('lTXO , o restrictions shall be used to define

47X

awinning strategy for player X,. When ( )[JORDy ~, we shall use the non-helping

condtions xsw@Xl and x4;@3ﬁfxl to define awinning strategy for player X, .
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When ( )OI ORDi‘IXZ , we shall use the non-helping conditions XI)Q,@Dﬁx2 :

&;@@Xl, and X4;MX2 to define awinning strategy for player X,. When
(YOTX =T%2 \ORD‘;T:Z (i.e. whenthe ( ) hasno ordinal value for any player), we

shall usethat G satisfies that no pair of X, X,, or X, may help one another (i.e.
XI%XZ, XZ%XB, and xl%xs) to define awinning strategy for player
X4.3

When ( )DORDi’iTXH , we shall want to inductively show (rq.DORD“X'iTXi*1 for any legal
play ¢ that isaccording to X;’sstrategy. To do this, we shall first show aDTxl , then

show aDTXZ,L , and finally show cr|DTxi'1. In doing thisfor the casesinwhich i #£1, a

particular argument is repeated, which we now present:

Sup/Non-Helping (Sup/NH) Lemma* If E)DTXi, DLm[ }5)(m)DTX"1], U isaplayer

different than player X; such that uglﬁpfxi , and if it is player U’ sturn to move at

position p, then O"m[ pmoTx ].

3 When () hasrestricted ordinal for aplayer P, we need to be concerned that some player may make a
move resulting in a position with (possibly restricted) ordinal for some “earlier” player (earlier in terms of

the sequence X, X,, X5, not in terms of the order of play). Sowhen ( ) hasrestricted ordinal for a

player P, then the only players who may help an “earlier” player Q, are players P and Q. Wedon't careif
players help player P or any “later” player.
When ( ) has no restricted ordinal for any player, then only the last player may help and he may help any

other player, i.e. no two playersfrom X,, X,, X5 may help one another.
* We call this the Sup/NH Lemma, because its proof uses the usual sup-argument to get that is possible to

not help player X; (when U # X;) and then uses Upﬁﬁ'ﬁxi to get the conclusion holds.
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Proof. Suppose pOT* | DLm[{))(m)DTXH], UzX,, UDPPZX,, anditisnot

player X,’sturnto move. Show |E))(m)DTXi-1 and E))(m)DORD“’TXi'1 for any legal move

Xj

m.

Since pOT*, p0I ORDj‘('iTXi'1 ,and since U # X, , by the sup-argument
OmO T’r,ji-1 [ E))(m) O ORD;TXHJ . Therefore, it is possible for player U not to help player
X,. Since U 17 X, , for any legal move m by player U, E)) (m) O ORDg‘giTXi*1 .
Therefore, since 0" m[ E)) (m) O TXH] (see the Lemma’s hypothesis,

DLm[ B (myDT* =T%= \ORngiTxifl] . (Sup/NH Lemma)

Claim 0. The canonical four-player biased open game G . x. x,)(Dy D, Dy) is

determined.

Thisfollows from Claims 1, 2, 3, and 4, below.

Claim 1. If { )OI ORDf('lTXO , then player | has awinning strategy for the game G.
Assume ( )[J ORDi‘lTXO . The strategy for player X, isto play amove that strictly

decreases the value of ORDf(‘lTXO until we reach a position with ORDf(‘lTXO - value of zero.

Due to the definition of ORDj‘(’lTXO , ho move by player X,, X,, or X, can take aposition

. X . . X . . . X
in OrRD}” to aposition outside ORDY' ~ or to aposition with higher ORDY" " - value.

Therefore any position completing alater inning will have a strictly lower

109



47%0

ORDY; - value than positions from earlier innings with nonzero ORDj‘glTXO -value (strictly
lower, due to player X,’smove). Consequently, since thereis no infinite strictly

decreasing sequence of ordinals, eventually a position is reached with ORDj‘(’lTXO - value of

zero, so that player X, wins. , (Claim1)

) X X . L
Claim 2 If ( )OORDy (sothat { )JORDy! ) and if G satisfies X, O X, and
X4;@p@/x1, then player 11 has awinning strategy for G.

Assume ( )OORD}! " and G satisfies X, D¥1 X, and X, DX, Wewill
describe a strategy for player X, such that positions according to player X,’s strategy
arein ORD‘;ZXI (and in particular in T**). Player X,’sstrategy will be to play amove
that strictly decreases the value of ORDf('le until we reach a position with ORDf(*ZXl -value
of zero. We shall first show that no move by players X, or X, can take aposition in

Xl . . Xl “ . . . ><l
ORDy! * to aposition outside ORD! ~ or to aposition with higher orRDy' - value.
2 2 2
Then we show the same holds for player X,. Finally, we provide the detail s about player
X, swinning strategy. Since ( )0 ORDf('ZXl ,()OT.
Consider an arbitrary position p such that E)D ORDf(’ZXl (and therefore pOIT™).

Supposeit is neither player X, s nor player X, sturnto move. Thenitisplayer U’'sturn

to move where U is either player X, or player X,. For any legal move m, we first show:

(i) mOTH
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and then show
Txl r) d Txl I‘) < Txl r
RD, (Pp’(m))+ and orD (p’(m))<oRrDY " (p).
Since E)DTXl, DLm[ E))(m)DTXOJ, U#X,, UDPPZ X, and sinceit is not player X,'s
turn to move, by the Sup/NH Lemma, DLm[ E))(m) DTxl] > Therefore, since

|E)DORD§ZXl and U # X,, we have for any legadl move m by player U,

orod™ (P(m)) 1 and orDI™ (B(m)) < orDA™ ((B) by the definition of orD:™

This completes showing (i) and (ii) for when it is either player X, or X,’sturn to move.

47X

Now supposeit isplayer X,’sturnto move. Recall [rJDORDXZ (and therefore
r Xl .y 4,TX0 I’) xl
pOT™). By thedefinitionof orRD, ~, p’(m)UT™ for any move mby player X,.
. r) X I 4,TX1 4’TX1 r)
Since p’(M)OT™ and pOORDY, , ORDY. ~ (p’(m)) 4 and

47X

ORD’

47 6

( E))(m)) < ORDf('ZXl ( E)) , for any legal move m, by the definition of ORDS’
Now supposeit is player X,’sturnto move. In this case we describe player X,’s

strategy. Recall pO] ORD‘)‘(‘ZXl . If the ORDi‘ZXl ( E)) >0, then by the definition of ORDj‘(’ZX1 ,

)

5 r X1 /s r 4170 i r 4170
Since pOT™ (i.e pDORDXl ) andsince U # X, by the usual sup-argument p”(m) O ORD, for

some move mQ Tﬁl . Thereforeit is possible for player U not to help player X,. Since Uj}rﬁ‘gxl , for

)

[ Xo
any legal move mby player U we have p” (m) O ORD‘)‘(’lT .

X
S Player X, couldn’t make amove resulting in aposition outside of T** by the definition of ORDi’lT °

whereas players X, and X, also couldn’'t play such amove but due to a different reason: the (non-

helping) rules. All these players couldn’t make a move resulting in a position outside ORD;‘(’;Xl by the

Lo X1
definition of orD} .
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there existsamove mOT}* such that ORD‘;ZXl ( E)) (m) ¢ and

47

ORDY! (E))(m)) < ORDi‘ZXl ( E)) ;itisplayer X,’sstrategy to play such an m.

4T

In summary, any legal move by aplayer X,, X;, or X, takesapositionin ORD,

to aposition in ORDf('ZXl with no larger ORDgxl- value and player X, ’s strategy results
in his making moves which strictly decreases the ORDf('ZXl -value until we reach a
position with ORDf(‘ZXl - value of zero. Sincethereisno infinite strictly decreasing

sequence of ordinals, eventually a position is reached with ORDj‘('ZXl - value of zero, so that

player X, wins. , (Clam?2
2

Claim 3. If ( )OORDST* (sothat ( )OoRDE~ and ( )OORDIT ") and if G stisfies

xl%xz, x4;@5’mfxl, and &;@'ﬁfxz, then player X, hasawinning

strategy.

Assume ( )DORDQIXZ and G satisfies xl%xz, m;@ﬁxl, and
m;@ﬁxz. In Claim 2 we showed that a particular strategy for player X, isa

winning strategy. Now we show that a particular strategy for player X, isawinning
strategy. The proof is almost the same as that of Claim 2, with player X, taking on the
role that player X, hadin Claim 2.

We will describe a strategy for player X, such that positions according to player
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X, sstrategy arein ORDj‘gZX2 (and in particular in T*2). Player X,’s strategy will be to
play amove that strictly decreases the value of ORD‘)‘(*:Xz until we reach a position with
ORDf(’;XZ -value of zero. We shall first show that no move by players X,, X,,or X, can
take apositionin ORDj‘gZX2 to a position outside ORDj‘gZX2 , Or to a position with higher
ORDf(’;XZ -value. Then we provide the details of player X,’swinning strategy. Since

( )DORD;’IXZ ,(\OT*e,

Consider an arbitrary position p such that E)D ORDj‘gX2 (and therefore
E)DTX2 0T™). Supposeitisnot player X,’sturnto move. Thenitisplayer U'sturn to
move where U # X,. For any legal move m, we first show
(i) mOTE,

then show

(i) mOTE?,
and finally show
- 4,TX2 [ ) 4’TX2 r ) 4TX2 [
(ii) orpy! "~ (p’(m))+ and orDY! ~ (p’(m))<oRDYT " (p).
We shall use the Sup/NH Lemma and the definition of ORDj‘(’lTXO whenitisplayer X,'s

turn to move to show (i). We shall use the Sup/NH Lemma and the definition of

ORDf(’ZXl when itisplayer X,’sturnto moveto show (ii).
Recall itis player U's (not X,’s) turn to move and E)DORD?;;XZ S0 that E)DTXI. If

U=X,, mDTﬁ1 for any move m by the definition of OrRD, . Alsoif U#X,, then
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DLm[ E))(m)DTxlj by the Sup/NH Lemma, since: }SDTxl, DLm[ E))(m)DTXOJ,
Uj}'ﬁpfxl, and it isnot player X, sturnto move. Thus, in either case, we have
shown (i), i.e DLm[mDTﬁl]. Since pOT* and DLm[mDTﬁl] Jif U=X,,
EJ)(m)DORDj‘(‘ZXl for any move m by the definition of ORD‘)‘(‘ZXl e DLm[ }5)(m) DTXZ].
Alsoif U#X,, then O0"m| p)(m) OT*2 | by the Sup/NH Lemma, since: pOT*,

Lm[ E))(m)DTXZ], U ¥ X, , anditisnot player X,’sturn to move. Thus, in
either case, we have shown (ii), i.e. DLm[mDTﬁZJ. Recall E)DORD‘)‘(*:X2 and it is player
U’s (not X,’s) turn to move so for any legal move m, ORDf(ZXZ (E))(m)) | and

47%2

orDY  ( E)) (m) < ORD)T(ZZ ( E)) by the definition of ORD;’IXZ . This completes showing

(i), (ii), and (iii) when it is either player X,, X,or X,’sturn to move.

Now supposeit is player X,’sturnto move. In thiscase, we describe player X,’s
strategy. Recall prIorD:T” . If orRDZT (b) >0, then by the definiton of ORD:T
there existsamove mOT§? such that ORDf(’:XZ ([r))(m)) | and
ORDf(’:XZ ( {))(m)) < ORD‘)‘(‘:X2 ([r)) itisplayer X,’s strategy to play such an m.

In summary, any legal move by aplayer X,, X,, or X, takes aposition in ORD;’IXZ to
apositionin ORD‘)‘(*:Xz with no larger ORDf(’;XZ-Value and player X,’sstrategy resultsin
his making moves which strictly decreases the ORDf(’;XZ -value until we reach a position

with ORDi‘ZXZ -value of zero. Sincethereis no infinite strictly decreasing sequence of
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ordinals, eventually a position is reached with ORDf(':XZ - value of zero, so that player X,

wins the game. , (Claim3)

Claim 4. If ( )OT =T*2\orD}T "~ (sothat ( )OORDY *, ( YOORDST ", and

( }DORD;‘(’;XZ ) and if G satisfies that no pair of X,, X,, and X, may help one another
(i.e xl%xz, XZ%XB, and Xl%XB), then player X, hasawinning
strategy for G.

Assume ( YOT* =T \ORDf(':XZ and that no pair of X,, X,, and X, may help one
another. We will describe a strategy for player X, such that positions according to
player X,’sstrategy arein T =T \ORDf(':XZ ; then we shall show that the strategy
must be awinning strategy for player X,. We shall first show that no move by any

player U, where U # X, can take aposition in T** =

T \ORDf(’zxz to aposition outside
TR =T% \ORDf(’;XZ. Then we describe the strategy for player X, . Recall
()OT“=T"\orD}{! .

Consider an arbitrary position p such that E)DTX3 (so that
pOT* 0T OT% O0T%). Supposeit isplayer U's turn to move, where U # X,. For
any legal move mwe show that
(i) mOTE,

then show
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(i) mOT}?,
and finally show
(i) mOTE:.
We shall use the Sup/NH Lemma and the definition of ORDj‘(’lTXO whenitisplayer X,’s

turn to move to show (i). We shall use the Sup/NH Lemma and the definition of

47X
ORD X,

when it isplayer X,’sturnto moveto show (ii). We shall use the Sup/NH
Lemma and the definition of ORDj‘(':X2 to show (iii).

Recall it isplayer U’s (not X, ’s) turn to move and E)DTX3 so that E)DTxl. If
U=X,, mDT"rgl for any move m by the definition of ORD, . Alsoif U#X,, then
DLm[ [r))(m)DTxlj by the Sup/NH Lemma, since: pOIT*, DLm[ E))(m)DTXOJ,
UJ]MXP and itisnot player X,’sturnto move. Thus, in either case, we have
shown (i), i.e DLm[mDTﬁl]. Just as we have now shown that DLm[mDT"rgl] , the same
argument gives that DLm[mDng] and DLm[mDT?‘?]. To show DLm[mDT){jZ]
recall it is player U’ sturn to move, E)DTXZ,and DLm[mDTﬁl]. Therefore, if U=X,,
mOTE? for any (legal) move m by the definition of ORDj‘gle. Alsoif U #X,, then

i D) 0] by the SupH Lemma,sinoe. T, ch] Pl 97,

U AT, X, and itisnot player X,’sturnto move. Thus, in either case, we have
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shown (ii), i.e. DLm[mDT’SZ]. Finally the same argument gives that DLm[mDTﬁS].7
This completes showing (i), (i), and (iii) when it is either player X,, X,, or X, sturnto
move.

Supposeitis player X,’sturnto move. Since E)DTx2 and EJDORD‘)‘(';Xz , by the
usual sup-argument, COTF?2 E))(m)DORngZXZ. The strategy for player X, isto play
suchanm, (i.e that p)(m) 0T =T \orD:T™) 2

We now explain why player X,’sstrategy isawinning strategy. We have shown
that any legal move by aplayer X, X,, or X, takes apositionin T** to aposition in
T** and any move according to player X,’s strategy takes apositionin T”* to aposition
in T*. Thusfor any play y according to player X , sstrategy, y(n)OT” for every n.
Therefore, since T** O T*2 O T O T* we have y(n) DORDf(‘lTXO, y(n) DORDj‘(’le, and
y(n)DORDgXZ. Hence y isalossfor al players X,, X,, or X, and is therefore awin

for player X, . , (Claim 4)

Thus Claim) follows from Claims 1, 2, 3, and 4. Thus the canonical four-player

7 Recall it is player U'sturnto move, p0T**, and DLm[mDTfrf]. If U=X,, mOTE? for any move

)

m by the definition of ORD‘X"Bsz . Alsoif U # X, DLm[E (m) DT?] by the Sup/NH Lemma since:

poT*, DLm[mDTﬁs], U#X,, UJQ%X3, anditisnot player X,’sturntomove. Thus, in either

case we have shown (iii), i.e. DLm[mDT)Frf].

8 Since |5)(m)|:|Tx2 0T, we have E))

o 5) )

X X
(m) O ORDi’lT (m) O ORDi’ZT " and p’(m) 0 ORDi’: ’
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biased open game Gy . x. x,) (Di» D,, D) is determined. , (Theorem 6.3)

Now let uslook at a generalized proof of a canonical multiplayer biased open gamein

which there are (n +1) players.

Definition 6.4: Definition of canonical (n+1)-player biased open games.

(). Let n=2. Let A:(Al, A, A, L, A, A,) beasequenceof pairwise

perpendicular sets of positions and let X =(X,, X,, X5, L, X,, X,..) bethe playersone
through (n +1) in any order.
Let N =n+1. Inductively define T"** P asfollows:

TNXoPo jsthe entire game tree.

N,TN’Xi Dj

D r D r r
TN X B ={ pOT"™™ ™1 0g0 p ORDY! o } :

Typicaly D, and N =n+1 are clear from the context, in which case we write T for
T™%2 - Also we write oRD], . for oRD} T
Let Define Gy (,'A) to be the (n+1)-player biased open game in which player X; has
payoff set O(D;) for 1<i<n, andinwhich G satisfies:
o X, [BR% (X,,D,, T)) foral i<nand j<n suchthat i # j and
o X, (X, D, T) foral i<n.
(Other than a player being alowed to help oneself, only player X, ,,, the player with

possibly non-open payoff, may try to help X, the last player with designated open
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payoff. Helping and/or not helping player X, is not defined since he possibly doesn’t

have open payoff.)

(i) An(n+1)-player game G isacanonical (n+1)-player biased open gameif G is
Gy (IID) for some sequence D =(D,, D,,K , D,,, D,) of pairwise perpendicular sets of
positions and for some sequence X = (Xl, XK, X, Xn+1) of players one through

(n+1). , (Definition 6.4)

Theorem 6.5. Let n>2. All i <n, thatisall canonica (n+1)-player biased open

games are determined.

Proof. Let n>2, let IZ'):(Dl, D, K ,D,.,, D,)beasequence of pairwise perpendicular
sets of positions, and let )I(:(Xl, X,,K , X, X,..) betheplayers onethrough (n+1) in
any order asin Definition 6.3. Let G bea(n+1)-player gamein which player X; has
payoff set O(D,) if 1<i<n. Wewill eventually show that G is determined if G
satisfies: X; T (X, D;, T) foral i<nand j<n suchthat i # j and,

X, . DT (X, D, T') foral i <n. Herewedropthe D,’sand T'’ssince these are
clear from the context.

Asusual, we shall use ordinals of position, ORDTXXiH , for various players together with

the non-hel ping conditions to construct awinning strategy. In general we should not

expect the non-helping conditions to exclude a given player from being helped by himself
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TXi-1

or by the player who will have awinning strategy.’ Therefore, if ( YUORD, ~ letussay
that essentially nobody helps player U if the only players allowed to help player U are
players U and X, (i.e. for every player X, X 32 U or X D{U, X;}) Let'sfirst
summarize which non-helping conditions are used to construct winning strategies for

which players. When ( ) L1ORD, , we shall define awinning strategy for player X,
without using any restrictions. When 2<i<n and ( )DORDTXXiH , we shall use the non-
hel ping conditions that essentially nobody can help players X, X,, L , X,_;,i.e.
Xjﬂ/@aka forany k<i andany jO{k,i} to defineawinning strategy for player

X, . When ( )OT* =T*=\0rD’, "™ (i.e. whenthe ( ) hasno ordinal for any players),
we shall use the non-helping conditions (i.e. xiﬂ%xj fordlisnandadl j<n
such that j #i)"" which state no pair of players X,, X,, L , X, may help each other to
define awinning strategy for player X.,, .

Asin Theorem 6.3, we shall also use the following:

Sup/Non-Helping (Sup/NH) Lemma: If pOT™, DLm[E))(m)DTXH],U isaplayer
different than player X, suchthat U P2 X, and if it is player U’sturn to move at

position p, then O"m[ pmoT ]-

® The winning strategy for such a player will include that he doesn’t help the other player and therefore a
non-helping rule for thisis not needed.

19 Analogous to footnote #1, when ( ) has restricted ordinal for aplayer X, (2<i<n),thentheonly
players who may help an “earlier” player X, (k <i)areplayers X, and X, .

™ When ( ) hasno restricted ordinal for any player, then only the last player may help and he may help
any other player.
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The proof of the Sup/NH Lemma s the same as that presented in Theorem 6.1. Also
adescription of the manner in which the Lemmais used is presented in the paragraph

preceding its statement in Theorem 6.3.

Claim 0. G isdetermined if G satisfies xiwﬁf(xj, D,, T!) fordl isnand j<n

suchthat i # j, and X, O3 (X;, D, T') foral i<n

This follows from the Claims 1 through (n +1) below

Claim 1. If { )OJORD, , then player X, has awinning strategy for the game G.
Assume ( )JORD, . Thestrategy for player X, isto play a move that strictly
decreases the value of ORD, until we reach aposition with ORD, -value of zero. Dueto

can take a position

n+l

the definition of ORD, , no moveby aplayer X,, X;, L , X, or X
in ORD, toaposition outside ORD, or with higher ORD, -vaue. Therefore any

position completing alater inning will have astrictly lower ORD, -value than positions
from earlier innings with nonzero ORD, -value. Consequently, since thereis no infinite

strictly decreasing sequence of ordinals, eventually a position is reached with

ORD, -Value of zero, so that player X, wins. , (Clam1)

Claim 2. If ( )OORD), (sothat { )OORD, ), and G satisfies X, O X, for

iD{3, 4, 5K ,n+]},then player Il has awinning strategy for G.
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Assume ( )DORD;x:and G satisifies xiw{leor i0{3, 4, 5K ,n+1} Wewill
describe a strategy for player X, such that positions according to player X,’s strategy
arein ORD;X: (and thereforein T*). Player X,’sstrategy will be to play a move that
strictly decreases the val ue of ORD;X: until we reach a position with ORD;X: - value of
zero. We shall first show that no move by players X,, X,, L , or X,,, cantake apositon
in ORD, to aposition outside ORD]. " or with higher ORD}, - value. Thenwe will show
the samefor player X,. Finaly we shall provide more details about player X,’swinning
strategy. Since ( )OI ORD;X: ,(HyaT™.

Consider an arbitrary position p such that E)D ORD;X: (and therefore pOT™).
Supposeitis player X, ’sturnto movewhere 3< j<n+1 (sothat itis neither player X,
nor player X,’sturnto move, X, #X,,and X; #X,). For any legal move m, wefirst
show

(i) mOTH
and then show
(i) oroy ( b (M) ¢ andoro}, ( K (m)) <oroy, ( yra) .
Since pOT:, 0"m| 0 (m) o7 ], X; #X,, X, 2 X,, and since it is not player
X,’sturn to move, by the Sup/NH Lemma, 0"m| o (m) OT* |. Therefore, since
E)DORD;X; and X, #X,, (] #2), wehavefor any legal move mby player X,

oro]™ (P(m)) 1 and orD” (p)(m)) < orD]™ (b), by the definition of ORDL” . This
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completes showing (i) and (ii) when it is neither player X, nor player X,’sturnto move.
Now supposeit player X,’sturnto move. Recall |E)DORD)T<XZ1 (and therefore
E)DTxl ). By the definition of ORD, , |5)(m) OT* for any move mby player X,. Since
pm DT and pOI ORD}", ORD} " ( b (m) ¢ and orDY ( N (m)) <oroy, ( b), for
any legal move mby player X, by the definition of ORD;X: :
Now supposeit isplayer X,’sturnto move. In this casewe describe player X,’'s
strategy. Recall plJ OorD} . If orDY ' ( |5) >0, then there exists amove m such that

orD} " ( b (m) ¢+ and orD} " ( b (m)) <orD} " ( E))  itisplayer X,’sstrategy to play
such anm.

In summary, any legal move by any player X, , where j # 2, takesapositionin
ORD} toapositionin ORD " with no larger ORD] - value and player X,,’s strategy
results in his making moves which strictly decreases the ORD;X: - value until wereach a
position with ORD;X: -value of zero. Sincethereisno infinite strictly decreasing

sequence of ordinals, eventually a position is reached with ORD)T: - value of zero, so that

player X, wins. , (Clam?2)

Claimi. If { )DORD;T"l for somei suchthat 3<i <n, then player X, hasawinning

strategy for G when G stisfies that essentailly nobody helps players X,,X,K X.,,i.eG

satisfies ij{Xk forany k <iandany jO{k,i} .
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(sothat( YOORD, , ( YOORDL',L , ( YOORDY ).
Xl Xl—l

X,
Since ( )OORD, , ( YOORDY 'L , { YOJORD}, , assume ( YOORD} ~,and G
satisfies that essentailly nobody helps players X,,X,K X, ,. In Claim 2 we showed that

aparticular strategy for player X, isawinning strategy. Here we will show that a
particular strategy for player X, isawinning strategy. The proof (for Casei) isamost

the same asthat of Case 2, with player X, taking on therole that player X, had in Case

2. We shall first show that

(*) no move by any player U, where U # X, can take apositionin ORDTXXiH to

aposition outside ORDTXX‘A or to a position with higher ORDTXXiH -value*?

Then we describe the (usual) strategy for player X, and show that it isawinning
strategy. Player X,’s strategy will be to play a move that strictly decreases the value of
ORD}, " until we reach aposition with ORDY,  -value of zero. Since ( )JORDY,
(HYOTN=,

Consider an arbitrary position p such that E)DORD;XH (so that
pOT*+ 0T OL T% OT* and E)DORD;T_;‘Z ). Supposeit is player U’s turn to move

where U # X, . For any legal move m, we first show

(1) mOT}, mOTf, L, and mOTE", ie Dk<i-10"m[mOTE ],

12 Qur first step in showing thisis to show that no move by player U, when U # X, , can take a positionin

T** toaposition outside T**. We shall use the Sup-Non-Helping Lemma and the definition of ORD;XH
when k <i to show this (first step).
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and then show
(2) orD} " (E))(m)) 1 and ORD} " (E))(m)) <orD} E))

First we shall prove (1) by induction on k. (1) trivally holdsfor k =0
(O"m[ mOTje ). Fix 1< j <i~1, assume asthe Induction Hypothesis DLm[mDTEH]
and show (1) holdsat k=j. If U=X, (recdl itisplayer U'sturnto move), we shall
use both the definition of ORD;XJ_H 13 and the Induction HypothesisDLm[ E)) (m) DTX“] to
get DLm[ yra)(m)Dij ] If U=zX,,weshal usethe Sup/NH Lemma and the Induction
Hypothesis to get DLm[ yra)(m) OT% ] .

Recall E)DORD;TH (and therefore pOT7 ) and it is player U’sturn to move. If
U=X,, thensince E)DTX" , E))(m) DORD;XJ_H for any move mby player X, by the
definition of ORD)T(XjH and DLm[mDTEH] (by the Induction Hyposthesis). Therefore,
DLm[mDTEJ}. Alsoif U # X, then by the Sup/NH Lemma DLm[ E))(m) DTXJJ since;
|5DTXj , DLm[mDTEH] (by the Induction Hypothesis), UJ]JH*{XJ. ,anditisnot
player X, ’sturnto makeamove. Therefore, in either case, for any legal move m by
player U, mDTEj . Consequently, using induction we have shown

(1) Ok<i-1 DLm[mDT’gk];

in particular we have mOT§™ .

13 oro! " makes sensesince 1< j<i-1.

X i
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Now we show that (2) orD} ™ (p)(m)) + and oro}, ™ (P(m)) < orD}™ () holds

Since E)D ORD;Ti‘1 and " m[m O TEHJ (by (1)), we have for any legal move m,

i1 i1 TXi1

ORDy (B)(m)) | and ORDy (E))(m)) < ORD;T” ( yra) by the defintion of ORDy
This completes our proof of (*).

Now supposeit isplayer X, sturnto move. In thiscase, we describe player X,’s

TXi1

Strategy. Recall E)D ORD;TH . If orD} " ( yra) >0 then there existsamove mOT

Kia

3 such

TXi-1

that ORD)T(TH (E))(m)) | and ORD} (E))(m)) <ORD)T<TH (E)) itisplayer X,'sstrategy to
play such an m.

In summary, any legal move by any player X, , where j #i, takesapositionin
ORD)T(TH to aposition in ORD)T(TH with no larger ORD)T(TH -value and player X,'s strategy
results in his making moves which strictly decreases the ORD;TH -value until we reach a
position with ORD;TH -value of zero. Sincethereisnoinfinite strictly decreasing

sequence of ordinals, eventually a position is reached with ORD;TH -value of zero, so that

player X, wins. , (Claimi)

Case(n+1). If ( )OT* =T*=\oRD} " (sothat ( YOT* and( )OorDy,  for ll

i <n)andif G satisfies xi;@“{xj foral i<nandforal j<nsuchthati# j,then
player (n +1) has awinning strategy for the game G.

Assume ( YOT* ZTXH\ORD;X"H and if G satisfies X; 7 X, forall i<nand
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foral j<nsuchthati# j. Wewill describe astrategy for player X ., such that

n+1

positions according to player X _,,’sstrategy arein T" =T~ \ORD;Xn"_l ; then we shall

n+l
show that the strategy must be awinning strategy for player X, ,,. We shall first show
that

(**) no move by any player U, where U # X ., can take apositionin T \ORD;n"_l

n+l?

TXn1

to aposition outside T** \ORDy

Then we describe the strategy for player X ,,. Recal ( YOT*» =T*m \ORD;XHH :
Consider an arbitrary position p such that E)DTX" =T"m \ORD)T(XHH (so that

pOT* OT*L OT* O T*). Supposeitisplayer U’sturn to move, where U # X ...
For any legal move mwe prove

(3 mOTE, mOTf, L, mOTE™, and mOTE,ie Ok<nO'm mOT ],

p
by induction on k. The proof of (3) isthe same asthat of (1) in Casei (k varies through

k <i inCasei and k variesthrough k <n+1 here). (3) trivaly holdsfor k =0. Fix

1< j <n, assume as the Induction Hypothesis DLm[mDTEH] , and show (3) holds at
k=j. If U=X,, weshal useboth the definition of ORDTXXJ_H and the Induction
. L r) Xia L r) X
Hypothesis [J m[p (mOT™ ] toget U m[p (m0OdT ’]. If U#X,,weshal usethe
Sup/NH Lemma and the Induction Hypothesis to get DLm[ E))(m) DTX’} .
Recall pOT*~ anditisplayer U'sturntomove. Since pOT*= 0T, pOT*".

If U=X,, thensince E)DTX", E))(m)DORD;xjH for any move mby player X, by the
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definition of ORDI(ij_l and DLm[ yra)(m)DTx“] (by the Induction Hypothesis).

T \ORD;xjj'1 for any legal move m, i.e. DLm[mDTX"]. Alsoif U # X, then by the
Sup/NH Lemma DLm[ E))(m) DTXJJ since pOTY, DLm[mDTEH} , (by the Induction
Hypothesis), ugﬁa@fx ;»anditisnot player X, 's turnto make amove. Therefore, in
either case, for any legal move m by player U, mDTEj . Consequently, using induction
we have shown [k <n O'm{ mOT* |; in particular we have mO T} .

Supposeitisplayer X, sturnto move. Inthis case, we describe player X ,;’s
strategy. Recal pOT* \ORD;XHH , S0 by the usual sup-argument
EmDTﬁﬂf1 [ E))(m) DORDKH} . The strategy for player X,,, istoplay suchanm(i.e, to
play msuch that p(m) OT* =T~ \orRDL™).

We now explain why player X ,,’sstrategy isawinning strategy. We have shown
that any legal move by any player X,, where 1<i<n, takesapositionin T* toa
positionin T*» and any move according to player X _,,’s strategy takes aposition inT*"
to apositionin T*". Thusfor any play y according to player X, SStrategy,
y(n)OT* for every n. Therefore, since T O T L OT* O T we have

y(n)OorD} " for 1<i<n. Inparticular, for al n, y(n) doesnot have orD] * -value

of zerofor 1<i<n. Hence y isalossfor al players X, X,, X,, L , X, and istherefore

awin for player X ,,. , (Clam(n+1)
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Thus Claim 0 follows from Claims 1 through (n +1). Therefore, the game G ([I)) ,

this canonical (n +1)-player biased open game is determined. . (Theorem 6.5)

A nice result from the proof of Theorem 6.5 yields the following corollary, which

uses none of the non-hel ping conditions of an infinite game of perfect information.

Corollary 6.6. Let D =(D,, D,,K ,D,_,, D,) beasequence of pairwise perpendicular

sets of positions, and let >'<:(X1, X,,K , X, X,..) betheplayers onethrough (n+1) in

any order. Determined is any infinite (n +1)-player game of perfect informationin
which:
0] at most one player has a payoff set that is not open,
(i) at every position, there is amove m such that at the resulting position, no
player other than possibly the player making the move m has awinning
strategy, and

(iii)  each player isrequired to make such amove m.
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