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CHAPTER 1

PRELIMINARIES AND NOTATION


Our research questions arise from the field of determinacy and set theory.  We are interested in the determinacy of certain games, namely, certain two-person infinite games of perfect information.  Before discussing determinacy, we first review two-person infinite games of perfect information by describing a play in such a game, the length of the game, and a payoff set for the game.

A two-person infinite game of perfect information is infinite as there are infinitely many moves, which can be denoted by 
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 (to play as moves).  In this thesis, we are interested in games in which the moves are from the natural numbers or from 
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  Player II wins the game 
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  It is standard to identify the game 
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In this thesis, we are interested in games with length 
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  We shall now describe a two-person infinite game of perfect information with length 
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  The game is said to have length 
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many moves.  The function 
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 is defined first by the two players with player I and player II alternately choosing an element from the set 
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 (to play as moves) so that 
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  Although non-standard, we shall refer to 
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  Note that when 
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  Associated with this game is a payoff set 
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  Player I wins the game 
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The game is said to be of perfect information since at any point in the game, each player has full knowledge of all the previous moves in the game.  This fact is important when describing strategies and winning strategies for a given player.  
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 is according to a strategy 
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 for player I has the obvious meaning: For each 
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  A strategy 
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 is a winning strategy (abbreviated w.s.) for player I if for all 
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 so that player I wins the game 
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 is according to a strategy 
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  A strategy 
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 so that player II wins the game 
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  A game is said to be determined if either player I or player II has a w.s. for the game.


We will now describe an open game, which is a two-person infinite game of perfect information in which the payoff set is an open set.  To do this, we will define an open set and describe the winning conditions for an open game.  A set 
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 of n-tuples of finite sequences from which 
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 is said to generate the set 
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  Player II wins the open game 
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Gale and Stewart [GS] showed that all open games with length 
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 are determined (see Theorem 1.10 below).  Many other interesting results are well-known about the determinacy of games with length 
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 and also about games with countable length.  Excellent references for material on determinacy beyond this thesis include: Chapter 6 of Descriptive Set Theory by Yiannis N. Moschovakis [Mo], Chapter 6 of The Higher Infinite by Akihiro Kanamori [Ka], Classical Descriptive Set Theory by Alexander S. Kechris [Ke], Donald A. Martin’s upcoming book on determinacy [Ma3], and the paper “Long Games” by John R. Steel [St].

As indicated before, we are interested in the determinacy of certain games of length 
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 in this thesis.  We will first generalize the Gale-Stewart result.  Dr. Douglas Burke noticed the  following generalization as a graduate student of Donald A. Martin at UCLA: Open  games with length 
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 are determined [Bu1].  At the start of our research project, Dr. Burke provided us with a sketch of his proof.  In Chapter 2, we provide a detailed proof of this result.  In Chapter 3, we extend this result and show that open games with length 
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 and note that this result is also true for the same games with moves from any finite set 
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In Chapter 4, we examine games in which the payoff sets are Borel sets.  Martin showed Borel determinacy for games with length 
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 [Ma1, Ma2, Ma3].  We now recall the definition of the Borel hierarchy.  
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It is well-known that for the spaces 
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  Most of our work will concern the first few levels of the Borel hierarchy, so that a general knowledge of the Borel hierarchy is not needed for this thesis.


In Chapter 4, we shall show that the determinacy of 
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  To do this, we use the technique of coding up an integer as a binary sequence.  This technique is well-known and is used in Exercise 6A.8 on page 294 of Descriptive Set Theory by Yiannis N. Moschovakis [Mo].  In Chapter 5, we extend this result to show that this equivalency holds for the same games with length 
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  We also note that it is well-known that the determinacy of 
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  This is interesting because as shown in Chapter 3, the determinacy of open games with length 
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  We also examine the question of whether for classes 
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We will now introduce the notation used in the paper.  Most of the notation used throughout the paper is standard and can be found in Descriptive Set Theory by Yiannis N. Moschovakis [Mo].
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Definition 1.3     We use the notation 
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Definition 1.4     We shall write 
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We end this chapter with the proof of the Gale-Stewart result since this result is used throughout the paper.  We first prove a lemma that will be used in the proof of the Gale-Stewart result.

Lemma 1.7     If player I doesn’t have a w.s. for a game 
[image: image222.wmf],

AX

w

Í

 then 
[image: image223.wmf] 

xy

"$

 such that player I doesn’t have a w.s. for the game 
[image: image224.wmf](

)

(

)

{

}

,

,.

xy

AgxygA

=Î

)


Proof.     We prove the contrapositive of the lemma.  Assume that 
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  We will define a strategy 
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Definition 1.8     Let 
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Remark 1.9     Note that if 
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Theorem 1.10 ([GS])     Every open game is determined.
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