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CHAPTER 5

EXTENSION OF PREVIOUS RESULTS


The goal of this chapter is to extend the results of Chapter 4 and to examine the following questions:

(Q1) For what collection of “small” complexity (least complexity if it exists) can we replace 
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Notice that by the same proof to Theorem 4.13, we have:
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  We slightly divert our attention from the main topics of this thesis to note (through Corollary 5.3 and Theorem 5.4) that the existence of large cardinals is required to obtain the determinacy of 
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  We return to the main development of this thesis by Definition 5.5, but we shall also use Corollary 5.3 and Theorem 5.4 to note that large cardinals are required for the determinacy of other classes considered in this chapter.
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We refer the reader to Descriptive Set Theory by Yiannis N. Moschovakis [Mo] for the definition of 
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It is well-known that Martin has shown that 
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 sharp), but instead note that it is well-known that large cardinal properties cannot be proved in ZFC (the usual axioms for set theory).  This, together with Corollary 5.3, will be cited to observe that the determinacy of certain classes considered in this thesis cannot be proved in ZFC.  We now state the theorem of Martin.
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 in Chapter 3 without assuming any large cardinal hypotheses.  A natural question is: For what collection of “small” complexity (least complexity if it exists) can we replace 
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Definition 5.5     A is an algebra of sets if and only if the following hold:
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Recall from the proof of Lemma 4.14, that given 
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Proposition 5.9     If 
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Outline of proof.     Assume that 
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Therefore by Proposition 5.9, Theorem 5.1, and the proof of Theorem 4.13, we have the following theorem:
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We shall next note in Theorem 5.12 that one can also extend Theorem 5.1 by showing that Theorem 5.1 holds for more complex sets.    
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Therefore by Proposition 5.11, Theorem 5.1, and the proof of Theorem 4.13, we have the following theorem:
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Remark 5.13     Note that for 
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 the proof is the same as the proof of Lemma 4.39.


In light of Theorems 5.10 and Theorem 5.12, it is natural to ask the question:
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It is well-known that the determinacy of 
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Recall that in Remark 5.13, we noted that for 
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  Therefore, the determinacy of 
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.  We note the following theorem to see that the determinacy of only a slightly more complex collection than 
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Theorem 5.14

(i) The determinacy of 
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(ii) The determinacy of 
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Outline of proof of (i) for 
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 using the following auxiliary game 
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One can show that the complexity of the first disjunct is 
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 and that the complexity of the second disjunct is 
[image: image347.wmf]0

2

Õ

, so that 
[image: image348.wmf]00

22

A

åÚÕ

 is 
[image: image349.wmf]00

22

åÚÕ

.  Hence there is a w.s. 
[image: image350.wmf]00

22

s

åÚÕ

 for 
[image: image351.wmf]00

22

A

åÚÕ

 by the hypothesis to the theorem.  We define a w.s. for 
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  ( (Theorem 5.14(i))

Outline of proof of (ii) for 
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One can show that the complexity of the first conjunct is 
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 ( (Theorem 5.14(ii))

  It follows from Corollary 5.3 and Theorem 5.4 that large cardinals are needed to obtain the determinacy of 
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  If the equivalency from question (Q4) is true, then large cardinals are needed to obtain the determinacy of 
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  By Theorem 3.18, the determinacy of 
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 is true regardless of the existence of large cardinals.  Thus, a weaker question than (Q4) (than whether the determinacy of 
[image: image385.wmf](

0

2

å

(
[image: image386.wmf]{

}

)

0,1

n

w

×

 is equivalent to the determinacy of 
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  Dr. DuBose has some observations that relate to these questions.

Proposition 5.15     (DuBose)     For 
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Outline of proof.     Let 
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2

12

...

n

fffA

å

Î

)))

 if and only if 
[image: image405.wmf] 
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(In consideration of 
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 above, recall the decoding function, 
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, from Definition 4.3.)  One can show that the complexity of the first disjunct is 
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             ( (Proposition 5.15)


Therefore by Corollary 5.3, Theorem 5.4, and Proposition 5.15, the determinacy of 
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Although we do not know the answer to the original question of whether the determinacy of 
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  Considering that the existence of large cardinals is not needed to prove the determinacy of 
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 a natural question is whether the existence of large cardinals is needed to prove the determinacy of slightly more complex games.  To address this question, we note the following observation:
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 using the following auxiliary game 
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One can show that the complexity of the first conjunct is 
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We define a strategy 
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  Hence  
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Case 2:     Player II has a w.s., 
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 ( (Proposition 5.16)


Note that by the same proof, one can obtain the following more general  proposition.

Proposition 5.17 (DuBose)     For 
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Note that with a similar proof to Proposition 5.16, one can also show:

Proposition 5.18 (DuBose)     Let 
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In particular:
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Recall that for 
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 requires the existence of large cardinals.  Therefore by Proposition 5.17, the determinacy of 
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  Hence, the remaining interesting question is:

(Q5) For what classes 
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