PRELIMINARIES AND NOTATION


Our research questions arise from the field of determinacy and set theory in which typically one studies two-person infinite games of perfect information.  The determinacy of various classes of such games have led to many important results (Lebesgue measurability, the Baire property, and selection principles for certain sets).  Furthermore, such determinacy follows from large cardinal axioms and level-by-level correspondences between large cardinals and determinacy of various definable classes of games are well-known.


First let’s review infinite games of perfect information.  We shall describe a play in such a game, the length of the game, the payoff sets for the game, etc.  An infinite game of perfect information on a set 
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 is infinite since there are infinitely many moves, which can be denoted by 
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 that are played.  These moves are to be chosen from the set 
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  If a game has a finite number n of players, then the first player plays 
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, and more generally, the 
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.  A play of an infinite game of perfect information with length 
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 can be thought of as a function  f  from 
[image: image13.wmf]w

 into 
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.  The function  f  is defined by the players “taking turns” choosing an element from the set 
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 (to play as moves).  In this thesis, we are interested in games in which the moves are from the natural numbers.  Player I chooses 
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 first, then player II chooses 
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, player III chooses 
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, and this continues until the last player (the 
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 player) selects 
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.  Together these first n moves make up the first inning of play.  Following the first inning of play, the second inning of play starts with player I selecting 
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, and continues in the obvious manner until the last player plays 
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 inning of play is defined analogously.  

Associated with this game are payoff sets for the players.  Each payoff set is a collection of functions from 
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 respectively denote the payoff sets of player I, II, III, etc.  Then each 
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.  Player I wins the game if the resulting play  f  is in I’s payoff set 
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; that is, player I wins the game iff 
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.  We do not allow for ties so that we require the payoff sets to be pairwise disjoint, i.e. 
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The game is said to be of perfect information since at any point in the game, each player has full knowledge of all the previous moves in the game and of each player’s payoff set.  This fact is important when describing strategies and winning strategies for a given player.  
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 is a strategy for player I if 
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 defines a move for player I in terms of the previous moves in the game.  More generally, 
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 is a strategy for the 
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 defines a move for the 
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 player in terms of the previous moves in the game.  “A play 
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 is according to a strategy 
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In that case, 
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A strategy 
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 is a winning strategy for the 
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 (in which case, the 
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 player wins the game).  A game is said to be determined if one of the players has a winning strategy for the game.

We are naturally interested in the complexity of the payoff sets, as determinacy is more likely to hold for games with payoff sets of low complexity.  In two-player infinite games of perfect information, determinacy has been proven for games with somewhat “complex” payoff sets.  


One difficulty in proving determinacy is that players need not play in any reasonable manner:  A player may actually play a move that immediately results in a winning strategy or even an instant win for another player, even when such a move need not be played.  This leads to nondetermined games of extremely low complexity with three players, four players, five players, etc. (see Chapter 1).  However, in this thesis, we still obtain determinacy of certain multiplayer games by introducing some restrictions on certain players’ moves.  Certain players will not be allowed to make a move that immediately results in a winning strategy for certain other players.  For the multiplayer games for which we obtain determinacy in this thesis, the payoff sets of all but one player will be open (defined below).  

A payoff set 
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 is open iff there is a collection 
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of positions in the game such that A is exactly all plays that extend some position in D:
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A game is open for a player if that player has an open payoff set.  In this case, if such a player wins the game, this is known at some position in the game, as that player had extended some position in D.  Further, the converse holds, as a player with open payoff must extend some position in D or otherwise lose the game.  Typically payoff sets are more complex than open, and one doesn’t know if the play is in a payoff set until the entire play is complete.

Gale and Stewart [GS53] showed that all infinite two-player games of perfect information which are open for one of the players are determined.  Many other interesting results are well-known about the determinacy of two-player games.  Excellent references for material on determinacy include:  Chapter 6 of Descriptive Set Theory by Yiannis N. Moschovakis [Mo80], Chapter 6 of The Higher Infinite, Second Edition, by Akihiro Kanamori [Ka03], Classical Descriptive Set Theory by Alexander S. Kechris [Ke95], Donald A. Martin’s upcoming book on determinacy [Ma
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], and the paper “Long Games” by John R. Steel [St88].

It is well-known that associated with an open payoff set for a player X, one can define ordinals of positions, 
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.  This is presented in Chapter 2.  
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 can be used to define a winning strategy for player X whenever a position is reached that is in 
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.  For certain players X and Y, we shall require that player Y plays moves that are not in 
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 whenever such a move exists.  (This may be viewed as a natural requirement, because otherwise if player Y plays a move resulting in a position with an 
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value, then player X has a winning strategy for the remainder of the game.)  We obtain determinacy of multiplayer games in which all but one player has open payoff, by adding this type of 
“non-helping” requirements to the game.
  A corollary to the result is:

In Chapter 3, we prove determinacy of such three-player games which are open for players I and II by adding three such “non-helping” conditions.  In Chapter 4 we show that determinacy cannot be proved if we drop any one of these three conditions.  In Chapter 5, we show that the Chapter 3 result carries over when the three-player game is open for any two of the players.  We generalize the Chapter 5 determinacy result to any finite number of players in Chapter 6.  In Chapter 1, we present nondetermined multiplayer games of low complexity.  In Chapter 2, we present the definition of ordinals of positions and use it to prove some determinacy as a warm-up for the later results.

The following is a nice corollary to the determinacy results in this thesis:

Corollary 6.6.  Determined is any infinite finite-player game of perfect information in which:

1 At most one player has a payoff set that is not open,

2 At every position, there is a move m such that at the resulting position, not player other than possibly the player making the move m has a winning strategy, and 

3 Each player is required to make such a move m.


We actually show a stronger determinacy result (see Theorem 6.3) than Corollary 6.6  But the above corollary is more easily cited, as it doesn’t require the reader to look at the definitions of our “non-helping” conditions!

� It is standard that � EMBED Equation.DSMT4  ��� denotes the set of natural numbers:  � EMBED Equation.DSMT4  ���.


� We emphasize “type” because we shall need to use a “restricted” version of � EMBED Equation.DSMT4  ���, instead of � EMBED Equation.DSMT4  ��� in many of our non-helping requirements.  Our restricted version of � EMBED Equation.DSMT4  ��� is obtained by restricting the quantifiers in the usual definition of � EMBED Equation.DSMT4  ��� to a certain set (such a set will be the collection of positions whose initial segments are all out of the “restricted” ordinal for another player).


� The non-helping conditions though “give” stronger results.
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